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Abstract

I quantify the welfare gains from introducing history dependent income tax in

an incomplete markets framework where individuals face uninsurable idiosyncratic

shocks. I assume that taxes paid are a function of a geometrically weighted average

of past incomes, and solve for the optimal weights. I find that the three main factors

that determine the nature of history dependence are the degree of mean reversion in

the productivity process, the discount factor, and relative weights of the underlying

shocks.

The welfare gains from history dependence itself are between 1.72 and 2.98 per-

cent of consumption, depending on whether one starts with the best history inde-

pendent system or the current U.S. tax system. I decompose the total effect into

an efficiency effect that reduces distortion of labor supply, and an insurance effect

that reduces volatility of consumption. Quantitatively, the insurance effect strongly

dominates the efficiency effect.
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1 Introduction

The idea that labor income taxes should depend not only on the current income, but also
on past incomes, has a long history in economics. It goes back at least to Vickrey (1939,
1947), who proposed averaging of labor income taxes with the objective of eliminating
the impact of temporary fluctuations in earnings on the taxes paid.1 More recently,
research on dynamic optimal taxation, starting with Golosov et al. (2003), has shown
one general feature of optimal tax systems in economies with unobservable idiosyncratic
productivity shocks: they should in general depend on the full history of individual’s
incomes. Yet, our understanding of how specifically the income taxes should depend
on past incomes is limited. How important is last year’s income relative to income ten
years ago? What are the welfare gains from history dependence, and where do the
welfare gains come from? What parameters of the environment are key for determining
the gains from history dependence? How much welfare is lost by restricting history
dependence to a limited number of periods? Robust answers to questions like these
have not yet been provided.

This paper answers those questions in an analytically tractable framework similar to
Heathcote et al. (2014). Individuals face uninsurable productivity and preference shocks,
and the government uses a nonlinear income tax that exhibits a he relative importance
of past incomes embodied in their geometric average weights. The framework is flexible
enough to incorporate history independent income taxes, income taxes that depend on
a small number of past incomes, and income taxes that depend on the full history of
incomes. It also retains tractability even under realistic assumptions about the under-
lying stochastic process for wages that includes a permanent component, a persistent
component, and a transitory component. It is standard in the macro-labor literature to
decompose the stochastic process for productivity into those three components, but the
literature on dynamic optimal taxation typically studies only one shock at a time.

Why is history dependence useful? History dependence can either help reduce dis-
tortions of labor supply (incentive effect), or provide a more efficient consumption in-
surance (insurance effect). I provide remarkably simple formulas for the welfare gains
and show that one can restrict attention to tax systems where the incentive effect is de-

1Although history dependent income taxes has not been used frequently, examples can be found. Most
notably, U.S. income tax allowed, between 1964 and 1986, for tax averaging over the current income and
incomes in the past 4 years, subject to certain conditions. See e.g. Schmalbeck (1984).
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termined only by the overall progressivity wedge of the tax function and not by the
geometric weights on past incomes, called history dependence coefficients. The extent
of consumption insurance is, on the other hand, driven by both the progressivity wedge
and the history dependence coefficients. I show that the optimal history dependence
coefficients depend only on a small number of underlying parameters: the relative vari-
ances of the underlying shocks, the autocorrelation the persistent component, and the
discount factor. Notably, they are independent of the progressivity wedge itself, but also
of the level of government spending, the Frisch elasticity of labor, and of the interest
rate.

I show that it is optimal to have a history dependent tax system that is more pro-
gressive with respect to the current income than a history independent tax system, but
regressive with respect to past incomes. This improves consumption smoothing: a tem-
porary increase in the current income translates into a smaller increase in the current
after-tax income, but also increases future after-tax incomes. It also does not reduce in-
centives to supply labor, since individuals know that the return to working is spread over
all future periods. I show that the weights on past incomes are geometrically decreasing
and converge to zero. The speed of convergence is driven by the autocorrelation of the
persistent component and is, for realistic parameter values, very slow. The short-run
dynamics is driven mainly by the transitory component. History independence emerges
as a special case when the transitory component is not present and the persistent com-
ponent follows a random walk.

While the history dependence parameters are chosen independently of the progres-
sivity wedge, the reverse is not true. The progressivity wedge is chosen to balance the
distortions of labor supply and, again, a reduction in consumption dispersion. Since his-
tory dependence already reduces consumption dispersion, the government responds by
reducing the progressivity wedge relative to the case with history independent taxation.
Thus, history dependence in the end reduces both the progressivity of the tax system,
and the dispersion of consumption. Remarkably, the progressivity wedge is the only tax
parameter that affects the redistribution of welfare across permanent types. Thus, the
optimal tax system provides more insurance against transitory and persistent shocks,
while reducing redistribution across permanent types.

I calibrate the model to the U.S. economy. I follow Heathcote et al. (2014) who show
that the U.S. tax system can be well approximated by a (history independent) tax system
with a progressivity parameter τ = 0.181. The stochastic process for productivity is

3



parametrized according to Kaplan (2012). I find that the welfare gains from history
dependence are large. If one starts with the best history independent tax system, then
history dependence itself adds about 1.72 percent in consumption equivalents. This
is the insurance effect, and is almost as large as the gains from optimally changing
only progressivity. Additional 0.15 percent comes from the incentive effect, i.e. from
the reduction of the progressivity wedge. Quantitatively, almost all of the benefits of
history dependent income taxation thus come from the insurance effect. If, on the other
hand, one starts with the current US tax system and introduces history dependence
without changing the overall progressivity, the welfare gains are a whooping 2.98 % in
consumption equivalents. Turning to tax systems with limited history dependence, I find
that even a short history dependence produces relatively large welfare gains. Taxes that
depend only on the current and previous income generate 43 percent of the potential
welfare gains, while adding 6 past incomes to the tax function generate about 75 percent
of the potential welfare gains.

The optimal history dependent tax system assumes that the level of taxes depends
directly on age; this allows the government to separate the problem of transferring re-
sources across ages from the problem of transferring resources across different histories.
But how important is age dependence? I show that age independent tax system is
approximately optimal when the discount factor equals to intertemporal price of con-
sumption.2 The reason is that age dependence is useful in implementing a decreasing
or increasing path of aggregate consumption. If the discount factor equals to intertem-
poral price of consumption, it is optimal to have aggregate consumption constant over
time. Age independence is optimal only approximately, because history dependence
itself introduces intertemporal variations in aggregate consumption. In principle, age
dependence is needed in order to "undo" those variations. However, the gains from
doing so are of second order.

The theoretical framework of this paper is flexible enough to incorporate various al-
ternative assumptions about idiosyncratic productivity shocks. As an extension, I incor-
porate heterogeneity in wage profiles, as in Guvenen (2007). Heterogeneity in income
profiles by itself prescribes a dramatically different pattern of the optimal history de-
pendence. It is optimal to include only the current and previous income, and the tax
function is progressive with respect to the previous income, not regressive. The optimal

2It should be noted that I do not allow for age dependence in the degree of overall progressivity, as in
Heathcote et al. (2020), which is a source of additional potential welfare gains.
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tax system is equivalent to a tax system then depends only on the growth rate of one’s
incomes, and not on its level. This is intuitive: such a tax system translates differences in
the growth rate of incomes to differences in the level of consumption, and is superior to
a history independent tax system that translates differences in the growth rate of income
to differences in the growth rate of consumption. If heterogeneous wage profiles are
considered in isolation, the welfare gains from the optimal tax system are large. When,
however, the heterogeneity in wage profiles is weighted agains other components of the
wage process, their role is diminished and the resulting welfare gains are comparable to
the welfare gains in the benchmark case.

1.1 Related Literature

The paper connects two strands of the existing literature. On one hand, it uses insights
from the recent dynamic public finance literature (Golosov et al. (2003), Kocherlakota
(2005)), Albanesi and Sleet (2006), Battaglini and Coate (2008), Farhi and Werning (2005),
Werning (2007) Golosov et al. (2016) and Farhi and Werning (2012b) and many oth-
ers) that shows that history dependence in income taxation is optimal.3 On the other
hand, in order to achieve tractability, the paper does not use a standard mechanism
design approach to gain insights about the optimal policies. Instead, it follows the
tractable analytical framework of Benabou (2002), and further extended by Heathcote
et al. (2014) and Heathcote et al. (2016), who include insurable transitory shocks as
well as labor supply decision.4 Each of the last three papers assumes that income tax
function is a power function but, importantly, none of them allows for history depen-
dence. My framework includes history dependence, but retains enough tractability to
quantitatively study problems with multiple sources of heterogeneity, with overlapping
generations, and in general equilibrium, none of which has been a focus of the dynamic
optimal taxation literature. As in Benabou (2002), who studies educational decisions in
a related framework, I assume that the agents cannot borrow and save to self-insure to
gain tractability. I will return to this important point in the concluding remarks.

There is a growing literature that studies how income taxes should depend on age, for

3Exceptions to this rule involve some economies where all uncertainty is resolved in the initial period
and, to some extent, economies with IID shocks, where history dependence can be replaced by dependence
on assets (Albanesi and Sleet (2006)).

4Other functional forms used in the literature can be found in (Conesa and Krueger (2006), Kindermann
and Krueger (2017), and others.
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example Kremer (2002), Blomquist and Micheletto (2003), or Weinzierl (2011). Weinzierl
(2011) considers optimal age dependence in a calibrated Mirrleesean life-cycle economy
and argues that optimal age dependence captures more than 60 percent of the welfare
gains from the full reform (that features both age and history dependence). Heathcote
et al. (2020) is the closest to the approach in this paper. They consider an environment
where the degree of tax progressivity, as well as the level of taxes, are allowed to depend
on age. They do not consider history dependence; on the other hand, this paper does not
consider age dependent degree of progressivity. I discuss the relationship between age
dependence and history dependence in another paper (Kapicka (2019)). Here it suffices
to say that the relative benefits of age dependent taxation relative to history dependent
taxation depend on a number of underlying assumptions, especially on the sources of
heterogeneity. It is not in general true that one system dominates the other.

2 Setup

There is a measure one of infinitely lived agents. Their preferences are represented by

W = E0

∞

∑
j=0

(1− β)βj
(

ln cj −
φ

1 + η
h1+η

j

)
, 0 ≤ β < 1, (1)

where η is the inverse of the Frisch elasticity of labor, and φ is a parameter that deter-
mines the relative weight of disutility from working. It is a random variable, drawn once
at age zero, and the distribution is normalized by assuming that E(φ−(1+η)−1

) = 1. The
agents receive hourly wages wj ∈ W ≡ (0, ∞) at age j that are exogenously determined
by the following stochastic process:

ln wj = κ + zj + ε j (2)

zj = ρzj−1 + ωj, (3)

where κ is a permanent component drawn once at the beginning of period zero, zj is
a persistent component with autocorrelation ρ ∈ [0, 1) and innovation ωj, and ε j is an
iid component. The initial value of the persistent component z−1 is equal to zero.5 The
distributions of all components are normalized so that E(eκ) = E(eω) = E(eε) = 1.

5The model can be easily generalized to allow for initial heterogeneity in productivity, without chang-
ing the main results.
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Wages, together with hours worked hj determines the agent’s output yj = wjhj.

Market Structure. I assume that there is no insurance against the wage shocks. That
includes self-insurance: the agents are not allowed to save to hedge against the shocks.
This is a strong assumption, but it allows me to get closed-form solution for the equilib-
rium allocations even for the tax systems that are history dependent. Benabou (2002) or
Sleet and Yazici (2017) make the same assumption for the same reason. I will revisit this
assumption later.

2.1 A Tax with History Dependence

The government taxes individual incomes by using an income tax that is history depen-
dent: the tax paid depends on individual’s history of earnings. The tax function has the
following functional form: an individual of age j with a history of incomes y0, y1, . . . , yj

pays taxes

Tj(y0, y1, . . . , yj) = yj − λj
(
ȳj
)1−τ , (4)

where ȳt is a weighted geometric average of current and past incomes,

ȳj =
j

∏
k=0

(yj−k)
θk .

There are three sets of parameters that define the tax policy T = {Tj}. The progressivity
wedge τ determines the overall progressivity of the tax system. The history dependence
parameters θ = {θi} represent how the current tax payment depends on income real-
izations in the past, with θk representing the weight on income with lag k. A history
independent tax is a special case with θ0 = 1 and θk = 0 otherwise. Both τ and θ are
age invariant; that is one of the key restrictions in the paper. On the other hand, the
level tax parameters λ = {λj} depend directly on age, in order to allow the government
to choose a trend in average consumption independently of the remaining parameters.6

The parameters τ and θ jointly determine the progressivity of the tax system.

6Taxes paid also depends indirectly on age, because the length of individual histories depends on age.
However, if one assumes that incomes before being born are all equal to one, its expected value, then the
tax function can be taken as a time and age invariant function of an infinite history of incomes.
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If θk is positive for k > 0 then the tax system is regressive with respect to past incomes.
To see this, note that

dTj+k

d log yj
= −θk(1− τ)

(
yj+k − Tj+k

)
. (5)

If θk is positive, future tax liabilities decrease with current income. In other words, the
marginal income tax with respect to past incomes is negative. If θk is negative then the
opposite is true, and the tax system is progressive with respect to past incomes. It can
also be shown that the average income-weighted marginal tax with respect to the income
of lag k is −θk(1− τ). The average income-weighted marginal tax with respect to the
current income is 1− θ0(1− τ), and it can be negative even if τ < 1, if θ0 is high enough.

Incentive keeping constraint. Since the tax function raises past incomes to the power
of θk(1− τ), it leaves one degree of freedom in the tax parameters τ and θ. This allows
us to simplify the problem by choosing a convenient normalization. There are many
possibilities for normalizing the parameters: for example, one could set τ equal to zero.
However, it turns out to be more convenient to normalize the tax parameters in a way
that eliminates any relationship between the history dependent parameters and hours
worked. To construct such a normalization, use the assumption that the agents are not
allowed to save and solve for the optimal hours worked:

ln h∗j =
1

1 + η

[
ln(1− τ)

∞

∑
k=0

βkθk − ln φ

]
. (6)

Labor supply decisions of the agents are independent of the history parameters θ if
the history dependence parameters θ satisfy the following restriction, called an incentive
keeping constraint:

∞

∑
k=0

βkθk = 1. (7)

If the incentive keeping constraint holds, hours worked depend only on the progressivity
wedge τ, and any variation in the history dependence parameters keeps the incentives
to work unchanged, which gives the constraint its name. The reason why any variation
of the history dependence parameters that satisfies (7) has no effect on hours worked
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is the following. Each individual, when choosing hours worked, takes into account the
incentive effects of all future taxes paid from current income. If the incentive keeping
constraint holds, reducing marginal tax rates in period i by reducing θi by one unit
must be exactly offset by an increase in the marginal tax rate in some other period j by
increasing θj by βi−j units. Since taxes paid are effectively discounted by a discount factor
β as well, this trade-off does not change work incentives. The normalization allows us to
clearly separate the incentive aspect of the problem, represented by the choice of τ, and
the insurance aspect of the problem, represented by the history dependence coefficients
θ. It is worth stressing that (7) is not a constraint on the tax system and only makes it
very transparent that the parametric tax system (4) keeps the incentives to work constant
across time and states, which is one of its key, if implicit, assumptions.

2.2 Allocations

Substituting the incentive keeping constraint (7) into (6) implies that the optimal hours
worked are

ln h∗j =
1

1 + η
[ln(1− τ)− ln φ] . (8)

Hours worked are independent of the productivity shocks, because with log utility the
income and substitution effects cancel out. The preference parameter φ is the only source
of heterogeneity in hours worked. By substituting in the optimal hours worked into the
budget constraint, one obtains individual consumption:

ln cj = ln λj +
1− τ

1 + η

j

∑
k=0

θk [ln(1− τ)− ln φ] + (1− τ)
j

∑
k=0

θk ln wj−k. (9)

Consumption depends on past wages only because taxes paid depend on past incomes.
The key in determining the nature of history dependence are, of course, the history
dependence parameters θ. Note that consumption can, in general, move predictably
with age, first because λ depends on age and, second, because the expected value of the
weighted average of past incomes ȳj changes with age. For example, if θk is nonzero for
all k then consumption will move deterministically with age even if λ is constant, because
the second term in (9) changes with age. Moreover, the deterministic component will be
increasing for some and decreasing for others, depending on the sign of ln(1− τ)− ln φ.
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3 Government’s problem

The tax system has aggregate cost equal to the present value of aggregate consumption
minus the present value of aggregate earnings:

(1− q)
∞

∑
j=0

qj E0(cj − wjhj) + G = 0, (10)

where both the interest rate q ∈ (0, 1) and the annual government consumption G are
given exogenously. The government chooses the tax parameters λ, τ and θ to maximize
the agent’s expected utility W subject to the resource constraint (10) and the incentive
keeping constraint (7), taking the policy functions (8) and (9) as given.

I will first characterize the optimal choice of the level parameters λ, and then proceed
to the full characterization of the optimal tax system. Substituting the policy functions
(8) and (9) into the utility function W and the resource constraint (10) and optimiz-
ing with respect to the level parameters λ yields the following optimal values in terms
of the primitives of the model and of the statistical moments of the underlying shock
distribiutions:

Proposition 1. The optimal value of the level tax parameters {λ} is

λj =
1− β

1− q

(
β

q

)j e−
1−τ
1+η ln(1−τ)∑

j
k=0 θk

∏
j
k=0 (BωkBεk) BφjBκ j

[
ν (1− τ)

1
1+η − G

]
, (11)

where ν = exp(− (1−ρ)qρ
(1−qρ)(1−qρ2)

σ2
ω
2 ) is the present value of the persistent component, and the

moments Bωj, Bεj, Bκ j and Bφj are given by

Bωj=Ee(1−τ)∑
j
k=0 ρj−kθkω, Bεj=Ee(1−τ)θjε, Bκ j=Ee(1−τ)∑

j
k=0 θkκ, Bφj=Ee−

1−τ
1+η ∑

j
k=0 θk ln φ.

Proposition 1 is proven in Appendix A. While the expression for the optimal tax
parameters λ is rather complex, its implication for the optimal consumption profile are
simple. By substituting the optimal λ back to the consumption process (9), we see that
they are chosen in a way that the aggregate consumption grows at a rate equal to β/q:

E0(cj) = E0(c0)

(
β

q

)j
. (12)
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Aggregate consumption is thus constant if β = q, and the agent’s discount factor is
exactly offset by the rate of return. It is, however, not true that if β = q then λ is
constant over time. If λ is constant, aggregate consumption will be changing over age,
first because of the ”fanning out” of the persistent productivity component and, second,
because history dependence itself introduces deterministic age variations in aggregate
consumption. As one can see from equation (11), time variations in λ are therefore
needed to ”undo” those deterministic changes. I will, however, return to this point later,
and show that if β = q, time variations in λ are negligible.

If the parameters λ are set optimally then the aggregate welfare can be expressed as
a function of the remaining tax parameters τ and θ, and of the statistical moments of
the underlying shock distributions Bωj, Bεj, Bκ j and Bφj that are themselves a function of
both τ and θ. The expression for the social welfare is:

W(τ, θ) = ū(τ) + (1− τ)

(
Eω

1− βρ
+ Eε + Eκ − E ln φ

1 + η

)
−

∞

∑
j=0

βj[ln Bωj + ln Bεj + (1−β)(ln Bκ j + ln Bφj)
]

. (13)

The first term on the right-hand side is the lifetime utility of a representative agent
that faces a tax function with a progressivity wedge τ, when the level parameters λ are
chosen optimally according to Proposition 1:7

u(τ) = ln
[
ν(1− τ)

1
1+η − G

]
− 1− τ

1 + η
+ ln

(
1− β

1− q

)
+

β

1− β
ln
(

β

q

)
.

The last two terms on the right-hand side of (13) represent two ways in which the id-
iosyncratic shocks affect welfare: directly by its contribution to individual consumption,
and indirectly through the level tax parameters λ. The direct effect is represented by
the second term on the right-hand side of (13). The indirect effect is represented by the
moments Bωj, Bεj, Bκ j and Bφj, which show up in the third term on the right-hand side
of (13).

The welfare formula (13) allows us to separate model parameters that don’t have
any connection to history dependence from those that do. Government consumption
G and the utility parameter η show only in the representative utility agent’s utility u.

7In principle, there is an additional constant term reflecting the aggregate production gains from the
dispersion in φ. This term is zero due to the normalization of the taste shock distribution.
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Since u is independent of the history dependence parameters θ, G and η affect optimal
history dependence at best indirectly, through the choice of the progressivity wedge τ.
The intertemporal price q also affects only the representative agent’s utility. In this case,
however, its irrelevance for history dependence is even stronger: it has no effect at all
on either the progressivity wedge or the history dependence parameters, and will only
determine the level parameters λ so as to ensure that (12) holds.

Welfare redistribution across permanent types. How does the tax system redistribute
welfare across agents with different permanent characteristics κ and φ? It is easy to show
that the expected lifetime utility conditional on the permanent type,W(τ, θ|κ, φ) is given
by

W(τ, θ|κ, φ) =W(τ, θ) + (1− τ)

(
κ −Eκ − ln φ−E ln φ

1 + η

)
.

The second term depends on the progressivity wedge τ, but is independent of the his-
tory dependence parameters θ. History dependence thus does not affect redistribution
of welfare across types. This does not mean that the optimal history dependence pa-
rameters will be independent of the distribution of the permanent components. To the
contrary, the presence of the terms Bκ j and Bφj in (11) shows that this is not the case. The
tax level parameters {λj} and the average welfare W(τ, θ) will depend on the interac-
tion of both. But the dispersion around the average welfare will not. This observation is
important for easily assessing how different tax systems evaluate redistribution across
permanent types relative to insurance against transitory and persistent shocks. If τ de-
creases then redistribution of welfare across types will decrease, regardless of the history
dependence parameters.

The remaining part of the government’s problem is to maximize the objective function
(13) by choosing the tax parameters τ and θ subject to the incentive keeping constraint
(7). I will now simplify the structure by assuming that all the shocks have lognormal
distribution.

4 Lognormally Distributed Shocks

The government’s problem will be substantially simplified if both the productivity shocks
and the preference shocks are lognormally distributed, in which case both the expected
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values and the coefficients Bωj, Bεj, Bκ j and Bφj can be written as simple functions of the
parameters. To that end, assume that all the shocks are lognormally distributed:

Assumption 1. The idiosyncratic shocks ω, ε, κ and φ are distributed according to

ω ∼ N
(
−σ2

ω

2
, σ2

ω

)
, ε ∼ N

(
−σ2

ε

2
, σ2

ε

)
, κ ∼ N

(
−σ2

κ

2
, σ2

κ

)
,

ln φ

1 + η
∼ N

(
σ2

φ

2
, σ2

φ

)
.

As will soon become clear, it will be useful to define the total effective variance of the
idiosyncratic shocks to be the sum of present discounted values of the variances of all
shocks, with the variance of the innovation of the persistent wage component adjusted
to account for its persistence:

σ2 =
σ2

ω

1− βρ2 + σ2
ε + σ2

κ + σ2
φ.

The first term on the right-hand side is derived as follows. The conditional variance
of the persistent component zj is σ2

zj
= ∑

j
k=0 ρ2kσ2

ω, and its present discounted value is

∑∞
j=0 βjσ2

zj
. Rearranging and simplifying gives the first term in the expression for σ. The

shares of each shock’s variance in the total effective variance is defined as

sω =
1

1− βρ2
σ2

ω

σ2 , sε =
σ2

ε

σ2 , sκ =
σ2

κ

σ2 , sφ =
σ2

φ

σ2 .

The share of the persistent component is "leveraged" relative to other shocks because of
its persistency, especially for high degrees of persistence. In the extreme case of random
walk, the share of the persistent component will be its variance multiplied 25 times if
β = 0.96.

The government’s objective function (13) can now be compactly written as follows:

Proposition 2. Suppose that Assumption 1 holds. Then the social welfare function is

W(τ, θ) = u(τ)− 1
2
(1− τ)2p(θ)σ2, (14)

where

p(θ) = sωPρ(θ) + sεP0(θ) + (sκ + sφ)P1(θ), (15)
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and the quadratic form Pρ(θ) is given by

Pρ(θ) =
∞

∑
j=0

βj
(

θ2
j + 2 ∑j−1

k=0 ρj−kθkθj

)
. (16)

With lognormal distribution, welfare is a function of several simple terms: the rep-
resentative agent utility u, the square of the progressivity wedge (1− τ)2, the total ef-
fective variance of the shocks σ2, and a function p(θ) that is quadratic in the history
dependence parameters. Since the history dependence parameters enter only through
the function p, their choice is now, unlike the general formulation in (13), independent
of the progressivity wedge τ. This further simplifies the problem, because the optimal
history dependence parameters will also be independent of the utility parameter η and
government spending G. Fluctuations in government spending will then show up in
fluctuations in the tax parameters τ and λ, but not in θ. The reverse implication is, how-
ever, clearly not true: the optimal choice of the progressivity wedge τ will depend on
the history dependence parameters θ.

The function p(θ) is a weighted average of three quadratic forms in θ, one represent-
ing the persistent shock, one representing the transitory shock, and one representing
both permanent shocks. The weight of each of the three quadratic forms is given by the
respective variance shares of each shock. One can rewrite the expression for p(θ)σ2 as

p(θ)σ2 = Pρ(θ)
σ2

ω

1− βρ2 + P0(θ)σ
2
ε + P1(θ)(σ

2
κ + σ2

φ).

The values of P0, P1 and Pρ can now be interpreted as ”risk loadings” for their respective
shocks, and the function p as the average risk loading, where weighted by the variance
shares. The role of the history dependence parameters is that it determines the risk
loadings of each shock.

One can further reinterpret the objective function (14) as follows. It can be shown
that the second term in (14) is equal to one half times the present value of the variance
of log consumption,

(1− τ)2P(θ)σ2 = (1− β)
∞

∑
j=0

βjVar ln cj,

where Var ln cj = E[(cj − Ecj)
2]. Then the welfare function equals the representative
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agent’s utility minus one half of the present value of the variance of log consumption.
Since the history dependence parameters only enter the second term, they will be chosen
so as to satisfy a very simple rule:

Proposition 3. The coefficients θ maximize welfare if and only they minimize the present value
of variance of log consumption subject to the incentive keeping constraint (7).

The social welfare function (14) and the functional form (15) suggest an easy char-
acterization of what is the role of history dependence in income taxation, and how it
should be chosen. History dependence coefficients determine how the shocks impact
the dispersion of consumption. The relationship between both depends on the persis-
tency of the shock, and is summarized by the ”risk loading” factors P0, Pρ and P1. Each
type of shock would, by itself, dictate a different pattern of history dependence parame-
ters, and I will investigate those patterns in the next section. But since there is only one
set of history dependence parameters, the optimum will minimize a weighted average
of the shock specific risk loading factors, with weights being their variance shares. Note
that both permanent shocks κ and φ enter p symmetrically, although one of them is a
preference shock, and one of them is a productivity shock. This distinction is unimpor-
tant: both affect earnings (either through hours worked or through productivity) and
none of them affects period utility.8 The symmetry extends to the persistent component
if it follows the random walk, i.e. if ρ = 1. In that case, only the total weight of the three
shocks sω + sκ + sφ matters.

The welfare function (14) implies that the optimal choice of the progressivity wedge
τ weighs the costs in terms of labor supply distortions against the benefits of reduction
in the dispersion of consumption. In the absence of history dependence, the value of p
equals one. Optimally chosen history dependence also reduces consumption dispersion
by decreasing p below one. The benefits from higher τ are thus reduced, and the balance
shifts in favor of lower labor supply distortion:

Proposition 4. The optimal progressivity wedge τ∗ decreases when history dependence is al-
lowed.

It follows from the previous discussion that Proposition 4 also implies that allowing
for history dependence decreases redistribution of welfare across permanent types κ and
φ.

8In case of preference shocks, this is because the direct effect of φ on utility is exactly compensated by
lower hours worked, as can be readily verified.
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Suppose, in addition, that one considers a limited history dependence, where only
the most recent K past incomes are included. Increasing the number of past incomes will,
in the optimum, only decrease the value of p. By the logic of Proposition 4, allowing for
longer history dependence will reduce the optimal progressivity wedge τ more.

4.1 Optimal History Dependence

The welfare function (14) shows that the optimal history dependence parameters are a
solution to the following simple minimization problem:

θ∗ = arg min
θ

p(θ) s.t. (7). (17)

This minimization problem makes it clear that the optimal history dependence coeffi-
cients are independent of the progressivity wedge τ, government consumption G, utility
parameter η, and also of the effective variance of shocks σ2. Let ζ be the Lagrange
multiplier on the incentive keeping constraint (7). The first-order condition in θk is

j

∑
k=0

(
sφ + sκ + sωρj−k

)
θk +

∞

∑
k=j+1

βk−j
(

sφ + sκ + sωρk−j
)

θk + sεθj = ζ, j ≥ 0. (18)

Equations (18) constitute a fourth-order linear difference equation in the history depen-
dence coefficients that, together with the incentive keeping constraint (7), can be solved
for the coefficients θ, and for the Lagrange multiplier ζ. The problem has a closed form
solution, given in the next proposition. The proposition restricts attention to cases where
all three types of shocks have a strictly positive variance share. Limiting cases where one
or more of the shocks are not present are qualitatively different, and are studied below
separately.

Proposition 5. Suppose that sω > 0, sε > 0, and sκ + sφ > 0. The welfare maximizing
coefficients θ∗ are

θ∗0 =
(1− βµ1)(1− βµ2)

1− βρ
, θ∗j =

[
αµ

j
1 + (1− α)µ

j
2
]
θ∗0 , j > 1,
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where µ1 ∈ (0, ρ) and µ2 ∈ (ρ, 1) are solutions to the characteristic equation

1− βρ2

(µ− ρ)(1− βµρ)
sω +

1
µ

sε =
1− β

(1− µ)(1− βµ)
(sφ + sκ), (19)

and α = ρ−µ1
µ2−µ1

and 1− α are their weights.

Proposition (5) completely characterizes the optimal history dependence parameters
as a function of the discount factor β, persistence of the wage component ρ, and the vari-
ance shares sω, sε and sφ. In fact, the history dependence can be completely characterized
by the two roots µ1 and µ2, and its relative weight α, who are themselves functions of
the underlying parameters.

Proposition (5) has two main implications for the optimal history dependence. First,
θ0 must be strictly less than one because the coefficients on past incomes are all strictly
positive. That is, the optimal history dependent tax system is more progressive with
respect to the current income than a history independent tax system, with the effective
progressivity with respect to the current income τ̂ = 1− (1− τ)θ0 > τ.9 It is, however,
regressive with respect to all past incomes, since the marginal tax with respect to the past
income is negative by (5). An individual with temporarily higher earnings will experi-
ence a high marginal tax rate today, but a negative marginal tax on his today’s earnings
in the future. Due to the incentive keeping constraint (7), future negative marginal tax
rates will exactly offset higher current marginal tax rates so as not to change his incen-
tives to supply labor.

Second, the history dependence parameters θ decrease with lag and converge to zero.
How fast they converge depends on the two roots of the characteristic equation µ1 and
µ2.10 The smaller of the two roots, µ1 ∈ (0, ρ), is mainly responsible for the dynamics
of coefficients on relatively recent incomes. The larger of the two roots, µ2 ∈ (ρ, 1)
determines how fast the history dependence coefficients converge to zero. Since µ2 >

ρ, the rate at which the history dependence coefficients ultimately converge to zero is
always greater than the autocorrelation of the persistent component. For empirically
reasonable values of ρ, the history dependence parameters will converge to zero at a
very slow rate.

9This reasoning does not take in to effect that τ itself will decrease. We will see that, quantitatively, this
effect will be relatively small.

10Since (18) is a fourth-order difference equation, there are four roots of the characteristic equation. The
remaining two, however, are greater than 1/β. in order to satisfy the incentive keeping constraint, they
must have zero weight.

17



4.2 The contribution of each shock

Why do the history dependence parameters take the functional form given in Propo-
sition 5? The resulting functional form is a ”compromise” among three forces. Each
shock by itself would prescribe a different form of history dependence, and the resulting
optimum balances each of the three patterns based on their variance shares. I will now
turn to the special cases where some of the shocks are turned off. There are three main
results that emerge from this exercise. First, the permanent shocks are responsible in
driving the long-run convergence of the history dependence coefficients to zero; in their
absence, the coefficients converge to a strictly positive limit (as long as ρ is not zero).
Second, it is the persistent component that causes slow convergence to zero. Third, it is
the transitory component that is mainly responsible for the short-run dynamics of the
history dependence coefficients.

No permanent shocks. Consider first the case when the deterministic component is
absent. Then µ2, the large of the two roots of the characteristic equation (19), equals one.
That is, it is no longer true that the history dependence coefficients converge to zero.
Although the system exhibits a short-run dynamics due to the fact that µ1 is nonzero,
the history dependence coefficients will converge to (1− α)θ0. Equivalently,

Corollary 6. Suppose that there are no permanent shocks (σ2
φ + σ2

κ = 0). Then µ2 = 1 and θj

converges to (1− ρ)/(1− µ1)θ0.

The limiting value will be strictly positive, unless ρ = 1 as well, in which case the
persistent component follows a random walk. A case with ρ = 1 essentially introduces
back permanent shocks and, ss we shall see below, a random walk component is treated
very similarly to the permanent component. We conclude that the permanent component
is fully responsible for driving the history dependence coefficients to zero.

No transitory shocks. In the absence of the transitory component, sε = 0, it is now the
smaller root µ1 that simplifies the problem, as it is equal to zero. Thus, the optimal tax
system exhibits no short-run dynamics and, by eliminating α, one can characterize the
dynamics of the history dependence coefficients simply as follows:

Corollary 7. Suppose that there are no transitory shocks (σ2
ε = 0). Then µ1 = 0 and θ∗j =

ρµ
j−1
2 θ0.
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The value of µ2 is still strictly between ρ and 1, and the system thus exhibits a slow
convergence to zero in environments with high persistence. We can conclude that the
transitory component is fully responsible for the short-run dynamics of the history de-
pendence coefficients.

Only persistent shocks. Suppose now that both transitory and permanent shocks are
turned off , and only the persistent component remains. The solution from Proposition
5 has an even simpler form: in addition to µ2 = 1, we obtain µ1 = 0 and α = ρ. To
summarize,

Corollary 8. Suppose that there are no permanent shocks (σ2
φ + σ2

κ = 0) and no transitory
shocks (σ2

ε = 0). Then θ∗0 = (1− β)/(1− βρ), θ∗j = (1 − ρ)θ∗0 for j > 0 and P∗ρ =

(1− β)(1− βρ2)/(1− βρ)2.

The coefficients on past incomes now do not change with the length of the history
and are all equal to a fraction 1− ρ of the coefficient on the current income. The autocor-
relation of the persistent component is critical in determining the magnitude of P∗ρ and
the gains from history dependence. Lower ρ allows for more consumption insurance
and produces larger welfare gains. When ρ approaches one, then Pρ∗ approaches one as
well, and there are no gains from history dependence. We will return to this observation
in the next subsection.

As ρ approaches zero, the loading factor Pρ∗ approaches 1− β, a substantial reduction
from Pρ = 1 under history independence. When ρ = 0, the problem is essentially a
problem with only a transitory component. In such case, θ∗0 = θ∗j = 1 − β and it is
optimal to simply take an unweighted geometric average of all the past incomes. In
his seminal work, Vickrey (1947) has proposed tax systems based on simple arithmetic
income averaging. Such a tax system (with the modification that it uses geometric, rather
than arithmetic, averaging) is optimal when only transitory shocks are present.

No persistent shocks. We have seen above that autocorrelation of the persistent com-
ponent is a key factor that determines the speed of convergence to zero. What happens
when sω = 0 and the persistent component is not present? The larger of the two roots µ2

receives zero weight, because α = 1. The dynamics is then fully determined by the first
root µ1. Unlike the larger root, µ1 is not bounded below by ρ, and so it is possible that
that the convergence to zero is relatively fast. It is possible to show that µ1 is increasing
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in the share of the transitory component sε. One would then expect that the convergence
to zero will be especially fast in environments where the transitory component has a
small share.

4.3 When is History Independence Optimal?

History independent tax systems correspond to a solution where θj = 0 for all j > 0.
For it to be optimal, there must be no gains from insurance of idiosyncratic shocks. The
following proposition shows conditions under which this is indeed the case:

Corollary 9. Suppose that there are no transitory shocks (σ2
ε = 0) and, in addition, ρ = 1. Then

a history independent tax system is optimal.

To understand Corollary 9, consider first the case when only the deterministic shocks
are present. History dependent income tax would in such case create a determinis-
tic variation of consumption over age (see equation 9), but also a time varying cross-
sectional dispersion of consumption. History independence, on the other hand, pro-
duces a consumption profile with a constant cross-sectional dispersion of consumption,
and so dominates any history dependent policy.11

As Corollary 9 shows, the intuition extends to the case when there is, in addition, a
random walk component. That is because random walk and permanent shocks are very
similar: in both cases, it is not possible to improve insurance by reallocating consumption
over time and states. They therefore produce identical policy responses, namely history
independent tax systems.

To understand why random walk produces history independence, consider the case
when there are no permanent shocks, but allow for an arbitrary autocorrelation of the
persistent component. Under a history independent tax system, log consumption is an
AR(1) process with drift:

ln cj = ln (β/q) + ρ ln cj−1 + ν̃j, (20)

where ν̃j = (1− τ)(ωj + σ2
ω/2)− (1− τ)2σ2

ω/2. The drift of log consumption is there-
fore ln (β/q) − (1− τ)2σ2

ω/2. Under the optimal tax system given in Corollary 8, the

11Formally, as sω and sε converge to zero, µ1 converges to zero and µ2 converges to ρ, keeping the
left-hand side of (19) bounded away from zero. As a result, α converges to one.
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stochastic process for consumption is different. It is easy to show that log consumption
is now a random walk with drift:

ln cj = ln (β/q) + ln cj−1 + νj, (21)

where νj = (1 − τ)θ0(ωj + σ2
ω/2) − (1 − τ)2θ2

0σ2
ω/2. The drift of log consumption is

ln (β/q)− (1− τ)2θ2
0σ2

ω/2. Since θ0 < 1, the innovations in the new random walk process
are smaller than the innovation in the original AR(1) process. The optimal tax system
thus makes the innovations in the consumption process permanent, but less volatile.

A random walk consumption process is optimal because it eliminates all the gains
from consumption insurance. To see the intuition, assume that the optimal tax reform
produces another AR(1) process for after-tax incomes, instead of a random walk. Since
the tax reform is optimal, it increases welfare. Now, instead of letting the agents consume
their after-tax incomes, consider a ”second-round” of income taxation that applies the
tax function (4) once again to the after-tax incomes. Since the after-tax incomes follow an
AR(1) process, it must further increase welfare. Due to the functional form given in (4),
combining both rounds of taxation into one preserves the functional form. Therefore,
there exists a tax system that achieves the combined increase in welfare in one step,
contradicting the claim that the first-round of taxation was optimal.

4.4 Loading Factors and Comparative Statics

It is possible to compute the optimal values of the risk loading functions P∗0 , P∗ρ and P∗1
in a closed form. The formulas are not very informative, however, and are not presented
here. It follows from the functional form of Pρ that, since all the history dependence
coefficients are strictly positive, the function Pρ is increasing in ρ. Thus, we always have

P∗0 < P∗ρ < P∗1 . (22)

The transitory shock will always reduce the variance of consumption the most (per unit
of variance), and the permanent shock will reduce it the least. It is possible to show even
stronger result, that P∗1 ≥ 1, and it is qual to one only under history independence. The
permanent shock will always work in the opposite direction against other shocks and
its contribution will in fact be negative. In other words, if permanent shocks magically
disappear, the welfare gains will be larger.
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In addition, the average loading factor is monotone in the variance shares, in that
higher variance share of the permanent shocks reduces the average loading function,
while higher variance share of the transitory shock increases the average loading func-
tion:

Proposition 10. i) Suppose that sφ + sκ and sω/sε increase. Then p(θ(∗) increases. ii) Suppose
that sε and sω/(sφ + sκ) increase. Then p(θ∗) decreases.

The intuition behind the result is fairly straightforward. Since permanent shocks
have the largest risk loading factor and transitory shocks have the smallest one (by 22),
shifting variance shares away from the permanent shocks and towards the transitory
component must decrease the average risk loading factor. Shifting variance shares in
the opposite direction increases the average risk loading factor. There is also an ”in-
termediate” case, when variance shares shift towards the persistent component. In that
case, however, we cannot sign the change in p. The value of p can either increase or
decrease: shifting variance shares away from the permanent shocks decreases it, but
shifting variance shares away from the transitory component increases it.

4.5 A Recursive Formulation

The fact that the optimal history dependence coefficients are exponentially decaying,
together with the functional form (4) suggests that it is possible to rewrite the optimal
tax policy in a recursive manner, where an appropriately constructed average of past
incomes is a sufficient statistics for the current taxes paid. This is indeed the case,
although the two roots of (19) imply that one needs to keep track of two averages of past
incomes. Define

S1,j = ∏j−1
k=0

(
yj−1−k

)µk
1 , S2,j = ∏j−1

k=0

(
yj−1−k

)µk
2

to be the two corresponding weighted averages of past incomes. Since µ1 is small and µ2

is large, S1 will mostly represent the short-term average of recent incomes, and S2 will
represent the long-term average income, and we can think of it as an imperfect measure
of the permanent income. The two averages update recursively:

S1,j+1 = yj
(
S1,j
)µ1 , S2,j+1 = yj

(
S2,j
)µ2 ,
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and one can write the tax function by using S1 and S2 as

Tj = yj − λj

[
yj
(
S1,j
)α (S2,j

)1−α
](1−τ)θ0

.

The tax function can then be interpreted as follows. The current income is taxed with a
larger effective progressivity rate τ̂ = 1− (1− τ)θ0 > τ today but, in addition, the agents
gets a marginal subsidy on the weighted average of past incomes S = Sα

1S1−α
2 , which

itself depends on the long-term and short-term averages of part incomes weighted by α

and 1− α.
If there are no idiosyncratic shock then it follows from Corollary 7 that the short-

run average of past incomes is equal to one, and the tax function depends only on the
current income, and the permanent income measure S2. If, on the other hand, there
are no permanent shocks, then all past incomes will receive the same weight in the
permanent measure S2.

5 Quantifying Optimal History Dependence

It follows from Proposition 5 that the optimal tax policies, and the associated welfare
gains, depend only on a small number of parameters. The history dependence param-
eters depend only on the discount factor β, the autocorrelation of persistent shocks ρ,
and the variance shares sω, sε and sκ + sφ. The progressivity wedge depends, in addi-
tion, on the elasticity parameter η. A time period is one year and so I set β = 0.96.
The intertemporal price of consumption is q = β to eliminate all aggregate trends in
consumption. I also set η = 2 in the baseline calibration implying a Frisch elasticity of
labor supply equal to one half. I parameterize the stochastic process for wages according
to Kaplan (2012), his Table 4. The persistent component has autocorrelation ρ = 0.958,
and the variance of productivity innovations σ2

ω = 0.017. The variance of the transitory
and permanent component are set to σ2

ε = 0.081 and σ2
κ = 0.065. Unlike productivity

shocks, the variance of the preference shocks depends on other aspects of the model.
Kaplan (2012) estimates the variance of the preference shock to be 0.107 in his bench-
mark estimation. However, allowing for unemployment shocks reduces the variance of
the preference shock to about 0.005. Heathcote et al. (2016) also estimate the variance of
preference shocks, this time allowing for reporting error and for imperfect substitutabil-
ity among skill levels to be other factors. Their resulting estimate is σ2

φ = 0.036, which
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I take as a baseline value. All the model parameters are summarized in Table 1. When
comparing the optimal policies to the U.S. tax system, which is history independent, we
take its progressivity wedge τ to be τUS = 0.181, as estimated by Heathcote et al. (2014).

The persistent component then has the highest variance share sω = 0.439. It is fol-
lowed by the permanent components with a variance share sκ + sφ = 0.311. About two
thirds of its variance share come from the permanent wage component. The variance
share of the transitory component is the smallest but not negligible, with sε = 0.249. The
overall effective variance is σ2 = 0.325.

Table 1: Baseline Parameters

β q η ρ σ2
ω σ2

ε σ2
κ σ2

φ

0.960 0.960 2.000 0.958 0.017 0.081 0.065 0.036

Figure 1 plots the first 30 history dependence coefficients for the baseline calibration
(blue line). The roots of the optimal tax system are µ1 = 0.354 and µ2 = 0.988. The figure
confirms that the smaller root µ1 = 0.354 vanishes fast: it plays very little role only for
the first 10 lagged incomes. On the other hand, the larger root µ2 = 0.988 makes the
convergence to zero extremely slow. While the half-life of the smaller root is only 1.7
years, the half-life of the larger root is 56.6 years. As a result, the convergence to zero
is almost invisible for the first 30 past incomes. To put an economic interpretation to
the magnitudes in Figure 1, if the progressivity wedge is unchanged from the calibrated
U.S. value of 0.181, the average marginal tax rate on previous year income is −13.4%. It
gets reduced to 1.72% in period 5. Afterwards, it converges very slowly to zero.

The remaining three lines in Figure 1 shows the history dependence coefficients for
cases when one of the sources of heterogeneity is shut down. In the absence of per-
manent shocks (red line), the short-run dynamics of the history dependence coefficients
is quite similar to the baseline scenario. The difference is in the long-run dynamics,
because the history dependent coefficients now converge to a strictly positive value of
0.0214, which translate to marginal subsidy of 1.75%. In the absence of the persistent
component (green line), the history dependence coefficients converge very quickly, in
about 10 periods, to zero. This is balanced by significantly larger coefficients in the short
run. The coefficient θ1 equal 16.4, a marginal income subsidy of 13.4%. Finally, in the
absence of the transitory component, the short-run dynamics disappears, and the coef-
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Figure 1: History dependence coefficients for the baseline calibration and when one of the
shocks is absent. The current income coefficient θ0 for the case of no transitory shocks is not
shown; its value is 0.64.

ficients converge to zero at a rate that is almost indistinguishable (though not exactly
equal) to the baseline scenario.

6 Welfare Gains

The welfare formula (14) is remarkably simple. We will now decompose the welfare
gains into two components, one coming from the reallocation of hours worked and one
coming from the reallocation of consumption, and show an even simpler formula for the
latter. Consider an arbitrary tax reform that replaces a history independent tax system
with a progressivity wedge τ0 with a history dependent tax system with progressivity
wedge τ and history dependence parameters θ. The welfare gain from such a tax reform
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is

∆ =W(τ, θ)−W(τ0, θHI), (23)

where θHI = {1, 0, 0, . . .} reflects history independence. The tax reform increases wel-
fare in two ways: first, it reduces consumption dispersion for any given progressivity
wedge τ by decreasing p(θ). This represents the insurance effect. Second, it changes the
progressivity wedge itself. This represents the incentive effect. The welfare gain can by
accordingly decomposed into two corresponding components:

∆ = ∆ins + ∆inc,

where ∆ins = W(τ0, θ) − W(τ0, θHI) is the insurance effect, and ∆inc = W(τ, θ) −
W(τ0, θ) is the incentive effect. If both τ and θ are chosen optimally, both components
must be positive. Moreover, the welfare gain from increasing insurance is very easy to
characterize. Using the fact that with log utility the welfare gains are approximately
equal to the difference between levels of welfare, we get that the insurance effect is

∆ins ≈ 1
2
(1− τ0)

2 [1− p(θ)] σ2. (24)

The welfare gain ∆ins provides an easy-to-compute lower bound on the total welfare gain.
If the initial progressivity wedge τ0 is equal to the value that best approximates U.S. tax
code τUS, then ∆ins is the lower bound on the welfare gains from reforming the current
U.S. tax code. If τ0 is equal to the best progressivity wedge under history independence,
then ∆ins is the lower bound on the additional welfare gains from introducing history
dependence. Note that the welfare gain from history dependence only is negatively
correlated with the progressivity wedge. Higher progressivity wedge already provides
more consumption insurance by itself, and so history dependence is less valuable.

Figure 2 plots the welfare as a function of the progressivity wedge τ. The welfare gain
from introducing history dependence without changing the progressivity wedge ∆ins is
represented by a vertical movement from the blue line to the red line. The welfare gain
from changing only the progressivity wedge ∆inc is represented by a movement along the
lines. Starting with the current U.S. tax code, introducing history dependence increases
welfare by ∆ins = 2.98% in consumption equivalents. Increasing then the progressivity
wedge from 0.181 to its optimal value of τHD = 0.324 further increases the welfare gains
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Figure 2: Welfare gains, baseline calibration. Vertical axis shows welfare W relative to the
optimumW(τ∗, θ∗).

by ∆ins = 0.89%, bringing the total welfare gain ∆ = 3.88%. About 2.98/3.88 = 77% of
the welfare gains are brought about by the insurance channel. In contrast, moving to the
best history independent tax system with τHI = 0.378 represents a static welfare gain
of 2.01%.12 Welfare gains from introducing history dependence are thus substantially
larger than the welfare gains from only changing progressivity.

Perhaps a more important exercise is to consider the welfare gains from history de-
pendence after all the gains from optimal progressivity itself are already exhausted.
Introducing history dependence only after moving to the best history independent pro-
gressivity wedge τHI = 0.378, reduces the welfare gains from history dependence ∆ins

to 1.72%. It is to be expected that the insurance effect is now smaller, since formula
(24) shows that ∆ins is lower if the progressivity wedge is higher. By Proposition 4, the
progressivity wedge now needs to be reduced in order to maximize welfare (the incen-
tive effect). The reduction is small, however, from 0.378 to 0.324, and further increases
welfare by ∆inc = 0.15%, only 8 % of the welfare gains from history dependence it-

12The static welfare gain is ∆s =W(τ, θHI)−W(τ0, θHI).

27



self. Overall, the welfare loss from restricting oneself to history independent tax systems
is 1.72% +0.15% = 1.87%, which represents 1.87/3.88 = 48 % of the maximum welfare
gains. The gains from history dependence are thus about as large as the gains from only
changing progressivity.

Decomposing the welfare gains. Table 2 looks at the contribution of each of the three
types of shocks to the overall welfare gains of moving from the current U.S. tax sys-
tem. The decomposition compares the baseline welfare gains with welfare gains under
scenarios when one of the shocks, or two of the shocks, are shut down.

Shutting down the permanent shocks has three effects on the overall welfare gains ∆.
First, as shown in Proposition 10, it decreases the value of the average loading factor P,
which increases the welfare gains. Second, it decreases the value of the effective variance
σ2. Overall, the first effect dominates, and the insurance gain ∆ins increases from 2.98%
to 3.67%. But there is also a third effect: lower σ2 reduces the optimal progressivity
wedge to 0.213, significantly closer to the U.S. value, and the value of ∆inc is almost zero.
The last effect dominates, and the overall welfare gain decreases to 3.70%. Overall, the
absence of the permanent shocks increases the role of the insurance channel, but reduces
the role of the incentive channel.

The absence of the persistent component reduces the welfare gain from the insurance
channel to 2.12%. It is now driven only by the transitory component, which has the
smallest variance share. The persistent component, whose contribution to the welfare
gain is in general ambiguous, thus for the baseline calibration increases the welfare
gains. The gains from the incentive channel almost zero, just like in the previous case.
Overall, the welfare gain is reduced significantly to only 2.17%.

Consider now a complementary decomposition when only one component is active.
If the persistent component is the only one present, the welfare gains from the insurance
channel are now, 1.26% significantly lower than 2.98% in the baseline scenario. That is,
the permanent component, which tends to lower ∆ins, is dominated by the transitory
component, which tends to increase ∆ins. The transitory component has the smallest
variance share, but it generate by far the largest welfare gains "per unit of variance
share". Since the welfare gains from the incentive channel are now virtually zero, the
overall welfare gain is reduced to 1.27%. If the permanent component is the only one
active, the overall welfare gain is almost zero: it is exactly zero from the insurance
channel, and close to zero from the incentive channel.
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Table 2: Welfare gains, decomposition

specification ∆ ∆ins ∆inc τHD

baseline 3.88 2.98 0.89 0.324

no permanent shocks (σ2
κ + σ2

φ = 0) 3.70 3.67 0.03 0.213
no persistent shocks (σ2

ω = 0) 2.17 2.12 0.04 0.218
no transitory shocks (σ2

ε = 0) 1.51 0.78 0.74 0.313

only persistent shocks (σ2
κ + σ2

φ = σ2
ε = 0) 1.27 1.26 0.01 0.201

only permanent shocks (σ2
ω = σ2

ε = 0) 0.01 0 0.01 0.196
only transitory shocks (σ2

κ + σ2
φ = σ2

ω = 0) 3.18 2.61 0.57 0.010

Note: Welfare gains in percent consumption equivalents, relative to U.S. tax
system.

The role of shock persistence. As shown in Proposition 5 and Corollary 8, the auto-
correlation of the persistent component is one of the key factors that determine the gains
from history dependence. We now inxvestigate the welfare gains as a function of the
autocorrelation ρ. For each value of ρ (without changing σ2

ω), the optimal tax systems
with and without history dependence are computed, and the difference is plotted in
Figure 3. As one can see, the relationship between the persistence and welfare gains
is not monotone. On one hand, keeping the loading parameters P0, Pρ and P1 fixed,
the gains from a tax reform are increasing in the persistence of shocks, because higher
dispersion of the shock increases the gains from reducing volatility of consumption. On
the other hand, the ability to reduce volatility of consumption decreases as the persistent
component becomes more permanent: in the extreme case of ρ = 1, only the transitory
component can be a source of welfare gains from history dependence. Those two oppos-
ing forces produce a nonmonotone relationship between the persistence of shocks and
welfare gains, and the maximum of welfare gains is reached for ρmax = 0.832, well below
the U.S. value ρUS = 0.958.

Sensitivity to parameter values I now investigate the welfare gains under alternative
assumption about the dispersion of preference shocks, discount factor, and the Frisch
elasticity of labor. The results are shown in Table 3. The second and third line recalibrates
the preference shocks. Equation (8) implies that the variance of log hours worked in the
model equals variance of preference shocks. Heathcote et al. (2016) estimate the variance
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Figure 3: Welfare gains from a tax reform with history dependence, as function of persistence
ρ. Welfare gains are relative to the best history independent tax system.

of log hours worked to be 0.11. Ignoring all other sources of variation in hours work
but correcting for the reporting error with variance of 0.036 yields σ2

φ = 0.074. On the
other hand, Heathcote et al. (2016) in their alternative calibration estimate a lower value
σ2

φ = 0.023. Table 3 shows that increasing the variance of permanent shocks has two
effects on the welfare gains. First, since permanent component is not insurable, higher
variance reduces the gains from the insurance channel. On the other hand, welfare
gains from increasing the progressivity wedge increase. The second channel is more
significant, and higher variance of the permanent component increases welfare.

Discount rate is a key parameter in determining the size of the welfare gains, as
evidenced from the next two reforms in Table 3. Increasing the patience of agents (as
well as the government) from 0.96 to 0.99 increases the welfare gains to a whooping
6.14%, while reducing it to 0.93% reduces the welfare gains to 3.09%. Most of the welfare
changes come from the insurance channel. As noted by Farhi and Werning (2012a), one
interpretation of a higher discount factor is that the length of the period to which the
model is calibrated decreases, but without a corresponding reduction in the variance
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Table 3: Welfare gains, alternative specifications

specification ∆ ∆ins ∆inc τHD

baseline 3.88 2.98 0.89 0.324

higher preference shocks (σ2
φ = 0.074) 4.22 2.83 1.39 0.351

lower preference shocks (σ2
φ = 0.023) 3.78 3.04 0.74 0.313

lower discounting (β = 0.99) 6.14 5.59 0.55 0.298
higher discounting (β = 0.93) 3.09 2.24 0.84 0.320

lower labor elasticity (η = 3) 4.38 2.98 1.40 0.372
higher labor elasticity (η = 1) 3.32 2.98 0.33 0.259

Note: Welfare gains in percent consumption equivalents, relative to
U.S. tax system.

of shock innovations. That is, the variance of shocks for a given fixed period of time
increases, which in turn increases the gains from history dependence and the insurance
channel.

Finally, changes in the Frisch elasticity of labor have no effect on the insurance com-
ponent, since neither the history dependence parameters nor ∆ins depend on it. On the
other hand, changes in η have a significant effect on the optimal progressivity wedge
and on the welfare gains from the incentive channel. Lowering Frisch labor elasticity
from 1/2 to 1/3 allows the government to increase the progressivity wedge more, which
in turn increases the welfare gains to 4.38%. Increasing Frisch labor elasticity from 1/2
to 1 then reduces the welfare gains to 3.32%.

7 Limited History Dependence

Although the welfare gains from history dependence are large, they rely on the assump-
tion that there are no restrictions on the length of income histories. From a practi-
cal perspective at least, it would be convenient if very distant histories were relatively
unimportant, and most of the welfare gains could be captured by allowing for a lim-
ited history dependence. To answer this question, one needs to modify the optimization
problem (17) so as to accommodate a restriction that the income history must be at most
of length K, that is by restricting θk = 0 for k > K. The analytical solution to the general
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problem is no longer available. However, one gets a closed form solution for a special
case when the persistent component is the only source of heterogeneity, a limited history
counterpart to Corollary 8.

Proposition 11. Suppose that θk = 0 for k > K, for some K > 0. Suppose, in addition, that
there are no permanent shocks (σ2

φ + σ2
κ = 0) and no transitory shocks (σ2

ε = 0). Then the welfare
maximizing coefficients are

θ∗0 =
1− β

1− βρ

[
1− βK+1

(
1− ρ

1− βρ

)2
]−1

,

θ∗k = (1− ρ)θ0, k = 1, . . . , K− 1

θ∗K =
1− ρ

1− βρ
θ0,

and the value of Pρ(θ∗) is

Pρ(θ
∗) =

(1− β)(1− βρ2)

(1− βρ)2

[
1− βK+1

(
1− ρ

1− βρ

)2
]−1

.

The main difference from the infinite history solution is that the coefficient on the
last permissible income θK now increases relatively to other coefficients. It acts as an
imperfect proxy for the missing coefficients on more distant incomes. As Proposition
11 shows, the coefficient on the last permissible income is multiplied by 1/(1 − βρ)

times. This factor increases in ρ, and so the last coefficient will be relatively different
in situations with high persistence. In the other extreme, if ρ = 0 and the shocks are
transitory, the last coefficient will not differ from the coefficients on less distant incomes.
Interestingly, the history dependence coefficients between both endpoints are still 1− ρ

times the initial coefficient, as in Corollary 8. This will not be a general feature of
the solution, however. Finally, note that the coefficients in the full history dependence
problem are again a limit when K goes to infinity.

The risk loading factor Pρ(θ∗) is clearly decreasing in the length of the permissible
history dependence K. The rate at which it decreases is driven by the discount factor β.

Figure 4 shows the optimal history dependence coefficients for the general case when
all three components are active, for K = 10. The history dependence coefficients in the
baseline scenario are now U-shaped. They are increasing for more distant histories for
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Figure 4: History dependence coefficients for the baseline calibration and when one of the
shocks is absent for K = 10. The current income coefficient θ0 for the case of no transitory shocks
is not shown; its value is 0.69.

the same reason that the last permissible coefficient in Proposition 11 was higher: they
increase in order to replace more distant coefficients that are no longer allowed to be
used. The increase is due to the persistent component: in its absence, the coefficients
are decreasing with the length of history. The main difference is that the increase is
now more gradual than in Proposition 11. This is due to the combination of permanent
and transitory shocks. In the absence of the transitory shocks, the history dependence
coefficients are constant and only increase at the very end, as the yellow line shows. On
the other hand, in the absence

Figure 5 illustrates the welfare gains from limited history dependence, and the corre-
sponding progressivity wedge. The welfare gains from even a short income history are
significant: including only current and previous period income captures 43 percent of
the potential welfare gains from history dependence. Since the overall welfare gain from
history dependence is 1.87 percent relative to the best history independent tax system,
adding last period’s income to the tax function represents a welfare gain of 0.8 percent.
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Figure 5: Welfare gains from partial history dependence (left panel) and the progressivity wedge
(right panel). Welfare gains are expressed as a fraction of the welfare gains with full history
dependence.

6 past incomes lead to a welfare gain capture 75 percent of the potential welfare gain un-
der full history dependence. Even a short history dependence thus generates significant
welfare gains.

Current and past income only. Since conditioning taxes only on the current and pre-
vious income generates more than 40 percent of the overall welfare gains, it is useful to
investigate this case in more detail. One can obtain a closed form solution for the history
dependence parameters θ0 and θ1:

θ0 =
1− βs̃

1 + β− 2βs̃
, θ1 =

1− s̃
1 + β− 2βs̃

,

where s̃ = sκ + sφ + ρsω is the ”persistence adjusted” variance share of the non-transitory
shocks. It is a key factor in determining the role of history dependence. It is easy to see
that θ0 > θ1 and so previous income always gets a smaller weight. In special cases, the
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expressions also reduce to the now familiar patterns: if there are only transitory shocks
then θ0 = θ1, while if there are only permanent shocks then θ0 = 1 and θ1 = 0. The
benchmark calibration yields θ0 = 0.536 and θ1 = 0.483. The value of the risk loading
factor p is

p =
1− βs̃2

1 + β− 2βs̃
.

If only transitory shocks are present, then s̃ = 0 and p = 1/(1 + β), a minimal value one
can obtain with only current and previous incomes. For β = 0.96, it is approximately
equal to one half. Differentiating p with respect to s̃ and evaluating at s̃ = 0, yields

dp
ds̃

∣∣∣
s̃=0

=
2β

(1 + β)2 ≈ 0.5,

where the approximation again uses β = 0.96. An increase in the share of non-transitory
shocks increases the risk loading factor by about half of that increase. The relationship is
quite linear except for when s̃ is very close to one. The variance share of the "persistence
adjusted" transitory shocks 1 − s̃ thus appears to be the most important factor in the
determination of welfare gains: for a unitary increase in its variance share, p declines by
one half, and the welfare gains correspondingly increase, according to (24).

8 When is Age Independence Approximately Optimal?

Previous results are based on an assumption that the government can use tax functions
that depend directly on age through the level parameters λ. What happens if the govern-
ment does not have the ability to choose age specific values of λ? The inability to transfer
resources across age through variations in λ means that the remaining parameters τ and
θ will, at least in part, be chosen so as to substitute for age varying λ. The choice of
the optimal history dependence parameters θ is now more complex, and depends, for
example, on the intertemporal price of consumption q.

Let W(τ, θ) be the welfare from a tax policy that is restricted to use an age invariant
λ. Then the welfare gain from introducing time varying λ is, for any τ and θ,

∆agg(τ, θ) =W(τ, θ)−W(τ, θ).

Starting with an age and history independent tax function, one can now think of a tax
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reform in two steps. In the first step, the assumption of age independent λ is relaxed,
yielding aggregate welfare gain ∆agg(τ, θHI). In the second step, history independence
is introduced, and the values of λ are re-optimized. The second step yields a welfare
gain ∆, as defined previously by (23). This particular sequencing is useful, because
∆agg(τ, θHI) can be computed easily. It can be shown that it is approximately equal to

∆agg(τ, θHI) ≈ ln
(

1− β

1− q

)
+

β

1− β
ln
(

β

q

)
+

[
(1−τ)

(
1

1−βρ
− 1

1−qρ

)
− (1−τ)2

(
1

1−βρ2 −
1

1−qρ2

)]
σ2

ω

2
.

The approximation is based on the assumption that the shocks are normally distributed,
and is derived by repeatedly using a standard approximation ln(1 + a) ≈ a for small
a.13 The approximate welfare gain ∆agg(τ, θHI) is nonnegative, and has a minimum
of zero when β = q. In this case, W(τ, θHI) ≈ W(τ, θHI), and welfare under a tax
function with constant values of λ is approximately equal to the welfare under a tax
function when λ is optimally varying with age.14 Next proposition shows that this
important property extends beyond history independent tax functions. For any τ and
any history dependence parameters, the approximate welfare gain is zero if the discount
factor equals the intertemporal price of consumption:

Proposition 12. If β = q then ∆agg(τ, θ) ≈ 0.

The welfare is thus approximately equal to the expression given in (14) for any his-
tory dependence parameters. Since the approximate welfare formula is the same as in
equation (14), the optimal coefficients found in Proposition (5) are also approximately
correct.

Accuracy of the Approximation The approximate solution, as characterized by Propo-
sition 12 is only as good as the approximation that underlies it. It is easy to see that the
approximation abstracts from some potentially important factors. Most prominently, it
suppresses the importance of consumption smoothing. The welfare function (14) implies

13The aggregate welfare gain corresponds to the aggregate gains in Farhi and Werning (2012a); in fact,
the value of ∆agg(τ, θHI) is an approximation of their welfare gain in a partial equilibrium with linear
technology.

14This property has in fact been used in the calibration, when the welfare under the U.S. tax code, which
is age independent, was plotted on the blue line of Figure 2.
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Figure 6: Accuracy of the approximate solution for K = 15, τ = 0.181 and σ2 = 0.325. For each
experiment, all standard deviations are reduced at the same proportion. θ0 and θK are not shown.

that the history dependence coefficients are independent of the variance parameters, and
thus hold even in case of σ2 = 0. But that is clearly not a correct solution. In the absence
of idiosyncratic shocks it is optimal to have constant consumption over time, which is,
for a constant λ, achieved by a history independent tax system. Thus, we know that if
σ2 = 0, θ0 = 1 and θk = 0 for k > 0 is optimal, and the approximate solution is far
away from the true one. But how good is the approximation for realistic parameter val-
ues? Figure 8 shows the approximate history dependence coefficients for history length
K = 15, and compares them to the true history dependence coefficients. In computing
the true history dependence parameters I take a benchmark value for the overall variance
of shocks to be σ2 = 0.325 , and the U.S. progressivity wedge τ = 0.181 and show the
exact coefficients when the standard deviation of all shocks are proportionately reduced
to 50 %, 10 %, 1 % and 0 % of its benchmark value.15

If the standard deviation of shocks is zero, σ̂ = 0, then the true coefficients are zero,
15To simplify exposition I only plot coefficients θk for k = 1, . . . K − 1 and do not show θ0 and θK that

have different magnitudes.
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and the approximate solution is obviously inaccurate. This is also true when the stan-
dard deviation is only 1 percent of the benchmark standard deviation of shocks, and the
consumption smoothing factor still dominates. If the standard deviation is ten percent
of the benchmark deviation then the true solution is getting closer to the approximate
solution. If the standard deviation is 50 percent of the benchmark value or equal to the
benchmark value then the approximate solution is almost identical to the true solution.
For even higher values, both solutions are indistinguishable. Thus, for realistic param-
eter values, the approximate solution provides an excellent approximation to the true
coefficients.

9 Heterogeneous Income Profiles

Guvenen (2007) proposes and estimates an alternative statistical decomposition of the
wage process, where the agents are exposed to less persistent earnings shocks but, in
addition, face heterogeneity in the lifecycle wage profiles. Since the approach used in
this paper is flexible enough to add additional aspects of wage profiles relatively easily,
I now investigate the implications of the heterogeneous wage profiles for the optimal tax
design.

Under the heterogeneous income profiles specification, the wages wj are exogenously
determined according to the following stochastic process:

ln wj = κ + γ(j + 1) + zj + ε j (25)

zj = ρzj−1 + ωj, (26)

where the slope of the lifecycle wage profile is given by an idiosyncratic factor γ. One
can show that the social welfare expression (13) can also be extend relatively easily by
adding moments related to the heterogeneous wage profiles. I will, however, assume
directly that γ is also lognormally distributed,

γ ∼ N

(
−

σ2
γ

2
, σ2

γ

)
.

Under this assumption, a close analogue of Proposition 2 exists. The total effective
variance of shocks now includes the present discounted value of the variance of the
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hetereogeneous wage profile component γ:

σ2 =
σ2

ω

1− βρ2 + σ2
ε + σ2

κ + σ2
φ +

1 + β

(1− β)2 σ2
γ,

and the share of the new term is

sγ =
1 + β

(1− β)2

σ2
γ

σ2 .

Compared to the persistent component, the variance of the heterogeneous wage profile
component σ2

γ, is leveraged by an additional order of magnitude: with β = 0.96, sγ

is 1225 times its variance. Even a very small heterogeneity in the wage component
will carry a significant weight in the determination of the optimal history dependence.
Proposition 2 can now be extended as follows.

Proposition 13. Suppose that the shocks are lognormally distributed. Then the social welfare
functionW(τ, θ) is given by (14), with p(θ) now defined as

p(θ) = sωPρ(θ) + sεP0(θ) + (sκ + sφ)P1(θ) + sγP̂(θ), (27)

where Pρ(θ) is given by (16) and P̂(θ) is

P̂(θ) =
∞

∑
j=0

βj
[

θ2
j + 2 ∑j−1

k=0

(
1 +

1− β

1 + β
(j− k)

)
θkθj

]
.

In contrast to other shocks, the interaction terms θkθj have larger weight if k is further
away from j. A positive value of θ at two distant lags thus increases the risk loading
factor P̂ relatively more than if the two lags were closer to each other. This will have
important consequences for the optimal history dependence coefficients. For example,
exponentially decaying coefficients, in the spirit of Proposition 5, are not likely to be
optimal, when heterogeneous income profiles are present: one can show that the value of
P̂ is strictly greater than one, in such a case, except for a case with history independence.
But, unlike permanent (or random walk) shocks, history independence is not optimal, if
profile heterogeneity is the only source of heterogeneity. One can do better. The solution
for this special case is shown in the next proposition.

Proposition 14. Suppose that σ2
ω = σ2

ε = σ2
φ + σ2

κ = 0. Then θ∗0 = 1/(1 − β), θ∗1 =
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−1/(1− β), θ∗j = 0 for j > 1, and p = 1/(1 + β).

The proposition thus paints a very different picture about how history dependence
should look like. Only a very short history dependence, only the current and previous
income, are enough; the tax function is progressive with respect to the previous income,
not regressive; and there are significant welfare gains from a short history dependence.
To understand the mechanics behind the optimal tax design, note that the optimal tax
function can be written as

T(yj, yj−1) = yj − λj

(
yj

yj−1

) 1−τ
1−β

.

The agents’ consumption cj = yt − T(yj, yj−1) thus depends on the growth rate of one’s
incomes. Since the agents differ in the growth rates of incomes, the optimal tax policy
translates differences in the growth rates of income to differences in the levels of con-
sumption. This produces flat consumption profiles for each agent.16 It is a much bet-
ter consumption profile than the under a tax policy with history independence, which
translates differences in the growth rates of incomes to differences in the growth rates of
consumption. The welfare gains from the optimal tax policy are likely to be significant,
since the loading factor p = P̂ is only a little bit more than one half for realistic values
of β.

It is, of course, an open question how will the forces displayed in Proposition 14 com-
pare to the remaining forces in the model that were displayed in Proposition 5 and that
point towards long history dependence and regressivity with respect to past incomes. A
closed form solution for the general case is no longer available. However, one can easily
solve the model numerically. To recalibrate the model, I have used the fact that, since
hours worked are constant conditional on φ, the stochastic process for wages exhibits
the same moments as the stochastic process for incomes. I calibrate the moments of the
wage process to be the same as the moments of the income process in the benchmark
HIP calibration of Guvenen (2007), as reported in his Table 1. The remaining parameters
are identical to my benchmark calibration. The parameters are in Table 4.

Relative to the benchmark calibration, the persistent component exhibits less persis-
tence (ρ equals only 0.821 vs. 0.958 in the benchmark calibration) and slightly more
variance (0.029 vs 0.017), and transitory shocks exhibit less variance (0.047 vs 0.081).

16Assuming that λj is constant.
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Table 4: Heterogeneous Income Profile Parameters

β q η ρ σ2
ω σ2

ε σ2
κ σ2

γ σ2
φ

0.960 0.960 2.000 0.821 0.029 0.047 0.022 0.00038 0.036

Most importantly, the heterogeneous wage profile component has a variance of 0.00038,
which looks small, but carries a large weight, as shown above.

Table 5 shows the welfare gains from the optimal history dependence. The overall
welfare gains from the optimal tax reform are huge, at 9.20 percent of consumption, but
about two thirds of that gain come from increasing the progressivity parameter τ from
0.181 to 0.470. The welfare gains from history dependence itself are 3.21 percent. That is
slightly larger than 2.98 percent in the benchmark model without heterogeneous income
profiles. The welfare gain from history dependence is thus robust to the introduction of
heterogeneous income profiles.

Table 5: Welfare gains, decomposition

specification ∆ ∆ins ∆inc τHD

baseline 9.20 3.21 5.98 0.470

only heterogeneous profiles (σ2
ω = σ2

ε = σ2
φ + σ2

κ = 0) 8.56 7.65 0.91 0.325
no heterogeneous profiles (σ2

γ = 0) 2.75 2.74 0.01 0.202

Note: Welfare gains in percent consumption equivalents, relative to U.S. tax system.

Figure 7 shows the optimal history dependence coefficients for 60 periods. Proposi-
tion 14 has shown that heterogeneity in profiles manifests itself as a force for progres-
sivity with respect to past incomes, and negative history dependence coefficients. This
needs to be weighted against the forces that are due to the persistent and transitory
component, and favor regressivity with respect to past incomes. The blue line of Fig-
ure 7 shows the resulting compromise: the optimal history dependence coefficients are
U-shaped, first positive, then negative, and then converging back to zero. In the short
run, the "conventional" forces from the benchmark model dominate, and the history
dependence coefficients are strictly positive. After about 15 periods, the heterogeneity
in profiles become the dominant force, and the history dependence coefficients become
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Figure 7: History dependence coefficients for the baseline calibration with and without hetero-
geneous profiles.

negative. In the long run, the permanent component drives them back to zero.
If heterogeneous profiles are the only source of heterogeneity, then Proposition 14

applies. While the overall welfare gains are only slightly lower, almost all of them comes
from the optimal history dependence, which increases welfare by 7.65 percent. The
optimal history dependence coefficients are not plotted in Figure 7 because they are of
an order of magnitude larger, but they are given theoretically in Proposition 14: θ0 = 25,
θ1 = −25, and all other coefficients are zero. Finally, if heterogeneity in profiles is
absent, then the overall welfare gain is 2.75 percent, with 2.74 percent coming from
history dependence. The gains from history dependence are not far off from the gains
of 2.98 percent found in the benchmark calibration.17 This suggests that the results are
robust to a reasonable reparameterization of the wage process. The history dependence
coefficients are also not far off, as one can see by comparing the red line in Figure 7,
and the blue line in Figure 1. Overall, Table 5 shows that introducing heterogeneity in

17Both exercises are close, but not identical: while the benchmark wage process was calibrated without
heterogeneity in income profiles, it is now calibrated to include heterogeneity in income profiles, and then
the heterogeneity is shut down.
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the wage profiles has a potential to substantially increase welfare gains, but since its
effects need to be weighted against the effects of other shocks, the additional gains end
up being rather modest.

10 A Bewley-Aiyagari Economy

I will now relax the assumption that agents are not allowed to borrow and save by
assuming that agents have access to a risk-free bond. That is, I will solve for an Aiyagari
economy. To make the problem tractable, I will further restrict the tax function (4) by
assuming that the history dependence parameters take the form

θj = θ0

[
αµ

j
1 + (1− α)µ

j
2

]
, j ≥ 1.

The promise keeping constraint (7) restricts the four parameters of the tax function θ0, α,
µ1 and µ0 by

θ0

(
α

1− βµ1
+

1− α

1− βµ2

)
= 1.

This tax system includes a history independent tax system (for θ0 = 1 and µ1 = µ2 = 0)
and the optimal tax system (for µ1 and µ2 chosen according to the proposition xxx).

The above representation allows us to write the tax function recursively by

T(yt) = yt − λ
(

ytSα
1,tS

1−α
2,t

)(1−τ)θ0
, S1,t+1 = ytS

µ1
1,t, S2,t+1 = ytS

µ2
2,t.

The agents choose consumption, c and next period assets a′, subject to the budget
constraint

c + qa′ ≤ λ
(

whsα
1s1−α

2

)(1−τ)θ0
+ a, (28)

where q is the intertemporal price of consumption. When choosing hours worked, the
agents take into account the fact that their choice will affect their tax liabilities in the
future via an aggregate ”past income” variable s:

s′1 = whsµ1
1 , s′2 = wzsµ2

2 . (29)
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We also assume that the agents are subject to the borrowing constraint b(z) ≤ 0:

a′ ≥ b(z). (30)

The agent’s problem is to choose consumption, savings and hours worked to maximize

Vφ(a, s1, s2, w) = max
c,h,a′

{
(1− β)

(
ln c− φ

1 + η
h1+η

)
+ βE

[
Vφ(a′, s′1, s′2, w′)|w

]}
subject to (28), (29) and (30), where wages w follow (2).

We can rewrite the dynamic program as

V(a, s1, s2, z, ε, κ, φ) = max
c,h,a′

{
(1− β)

(
ln c− φ

1 + η
h1+η

)
+ βE

[
V(a′, s′1, s′2, z′, ε′, κ, φ)|z

]}
subject to

c + qa′ ≤ λ
(

ezεκhsα
1s1−α

2

)(1−τ)θ0
+ a

s′1 = ezεκhsµ1
1

s′2 = ezεκzsµ2
2

z′ = ρz + ω

and the borrowing constraint (30).
In a special case when the tax his history independent, the dynamic program reduces

to
V(a, z, ε, κ, φ) = max

c,h,a′

{
(1− β)

(
ln c− φ

1 + η
h1+η

)
+ βE

[
V(a′, z′, ε′, κ, φ)|z

]}
subject to

c + qa′ ≤ λ (ezεκh)1−τ + a

z′ = ρz + ω

and the borrowing constraint (30). The first-order condition in h is

1− τ

φ

λ (ezεκ)1−τ

c
= hτ+η
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Substitute the first-order condition back into the budget constraint, we have one nonlin-
ear equation in consumption:

c + s = c−
1−τ
η+τ λ

(
1− τ

φ

) 1−τ
τ+η

e
(1−τ)(1+η)

η+τ zεκ,

where s = qa′ − a are savings. This is an equation of the form

x = αx−β − γ, α, β > 0,

where

α = λ

(
1− τ

φ

) 1−τ
τ+η

e
(1−τ)(1+η)

η+τ zεκ, , β =
1− τ

η + τ
, γ = s,

which needs to be solved numerically for consumption as a function of the shocks and
of savings. Hours are then obtained from its first-order condition.

11 An Aiyagari Economy OLD

I will now relax the assumption that agents are not allowed to borrow and save by
assuming that agents have access to a risk-free bond. That is, I will solve for an Aiyagari
economy. To make the problem tractable, I will further restrict the tax function (4) by
assuming that the history dependence parameters take the form θj = θ1µj−1 for j ≥ 1.
One can again write the tax system recursively by

Tt = yt − λ

(
yt

xt−1

)(1−τ)θ0

,

where xt = ∏t
k=0 y

− θ1
θ0

µk

t−k or, equivalently, xt = yκ
t xµ

t−1, where κ = − θ1
θ0

. The normalization
constraint (7) restricts the parameters of the tax function θ0, θ1 and µ by

θ0 + θ1
βδ

1− βδµ
= 1.

Solving for θ1 = −(θ0− 1)1−βδµ
βδ , we thus have a two parameter family of tax functions (in

θ0 and µ) that, together with the tax wedge τ, determine the tax system. The parameter
κ is now κ = θ0−1

θ0

1−βδµ
βδ . This tax system includes a history independent tax system (for
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θ0 = 1) and the optimal tax system (for µ = β).
The agents choose consumption, c and next period savings a′, subject to the budget

constraint

c + qa′ ≤ λ

(
zh
x

)(1−τ)θ0

+ a, (31)

where q is the intertemporal price of consumption. When choosing hours worked, the
agents take into account the fact that their choice will affect their tax liabilities in the
future via an aggregate ”past income” variable x:

x′ = (hz)κxµ. (32)

We also assume that the agents are subject to the borrowing constraint b(z) ≤ 0:

a′ ≥ b(z). (33)

We assume that the borrowing constraint has the following homogeneity property: b(z) =
e−ψ ln zb where ψ = (1− τ)θ0(1− κ

1−µ ). The agent’s problem is to choose consumption,
savings and hours worked to maximize

V(a, x, z, φ) = max
c,h,a′

{
(1− βδ)

(
ln c− φ

1 + η
h1+η

)
+ βδE

[
V(a′, x′, z′, φ)|z

]}
subject to (28) and (29). Given that the productivity shock follows a random walk, the
Bellman equation satisfies the following normalization:

Lemma 15. The value function satisfies

V(a, x, z, φ) = V
(

e−ψ ln za, e−
κ

1−µ ln zx, 0, φ
)
+ ψ ln z.

where ψ = (1− τ)θ0(1− κ
1−µ ).

Proof. Let S be a space of value functions satisfying the above property, and T be na
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operator defined by the right-hand side of the Bellman equation above. Let V ∈ S .

T V(a, x, z, φ)

= max
c,h,a′

{
(1− βδ) ln

(
λ

(
eln z h

x

)(1−τ)θ0

+ a− qa′
)
− (1− βδ)

φ

1 + η
h1+η

+ βδE
[
V
(

e−ψz′a′, e−
κ

1−µ ln z′x′, 0, φ
)
|z
]}

+ βδψ

(
ln z− σ2

ω

2

)

= (1− βδ)ψ ln z + max
c,h,a′

{
(1− βδ) ln

(
λ

(
e

κ
1−µ ln z h

x

)(1−τ)θ0

+ e−ψ ln z(a− qa′)

)
− (1− βδ)

φ

1 + η
h1+η

+ βδE
[
V
(

e−ψ ln z′a′, e−
κ

1−µ ln z′x′, 0, φ
)
|z
]}

+ βδψ

(
ln z− σ2

ω

2

)
.

We can write the law of motion for past income as

x′ = hκeκ ln zxµ = hκe
(

κ+ κ
1−µ µ

)
ln z
(

xe−
κ

1−µ ln z
)µ

= hκe
κ

1−µ ln z
(

xe−
κ

1−µ ln z
)µ

.

Redefine savings by â′ = e−ψ ln za′ and define x̂′ = hκ(xe−
κ

1−µ ln z
)µ. Write the maximiza-

tion problem as

T V(a, x, z, φ) = max
c,h,â′

{
ln

(
λ

(
h

e−
κ

1−µ ln zx

)(1−τ)θ0

+ e−ψ ln za− qâ′)

)
− φ

1 + η
h1+η

+ βδE
[
V
(

e−ψω â′, e−
κ

1−µ ω x̂′, 0, φ
)]}

+ ψ

(
ln z− βδ

σ2
ω

2

)
.

We also have that a′ ≥ b(z) if and only if â′ ≥ b. Hence T V(a, x, z, φ) ∈ S and T maps
S onto itself. The fixed point of the Bellman operator, which exists and is unique by
standard arguments, thus belong to S .

The normalized value function v(a, x, φ) = V(a, x, 0, φ) then solves the following
Bellman equation:

v(a, x, φ) = max
c,h,a′≥b

{
ln c− φ

1 + η
h1+η + βδE

[
v
(

e−ψωa′, e−
κ

1−µ ωx′, φ
)]}

− βδψ
σ2

ω

2
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subject to

c + qa′ ≤ λ

(
h
x

)(1−τ)θ0

+ a

x′ = hκxµ.

The constant at the end of the Bellman equation is irrelevant from individual’s perspec-
tive, but matters for the government’s optimization problem. Let gc(a, x, φ), gh(a, x, φ),
ga(a, x, φ) and gx(a, x, φ) be the optimal policy functions in the normalized problem. The
first-order conditions are

∂v
∂a

= η

x
∂v
∂x

= µhκxµβδE

[
e−

κ
1−µ ω ∂v

∂x

(
e−ψωga, e−

κ
1−µ ωgx, φ

)]
− λ(1− τ)θ0

(
h
x

)(1−τ)θ0

η

1
gc

= η

qη = βδE

[
e−ψω ∂v

∂a

(
e−ψωga, e−

κ
1−µ ωgx, φ

)]
ψh1+η = λ(1− τ)θ0

(
h
x

)(1−τ)θ0

η + κhκxµβδE

[
e−

κ
1−µ ω ∂v

∂x

(
e−ψωga, e−

κ
1−µ ωgx, φ

)]
.

Let za(a, x) = ∂v
∂a (a, x, φ) and zx(a, x) = x ∂v

∂x (a, x, φ) (suppressing the dependence on φ

for notational convenience). Then we can write the system of equations as

zx = µβδE
[
zx

(
e−ψωga, e−

κ
1−µ ωgx, φ

)]
− λ(1− τ)θ0

(
h
x

)(1−τ)θ0

za

1
gc

= za

qza = βδE
[
e−ψωza

(
e−ψωga, e−

κ
1−µ ωgx, φ

)]
ψh1+η = λ(1− τ)θ0

(
h
x

)(1−τ)θ0

za + κβδE
[
zx

(
e−ψωga, e−

κ
1−µ ωgx, φ

)]
.
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The un-normalized policy functions are

Gc(a, x, z, φ) = gc

(
e−ψza, e−

κ
1−µ ln zx, φ

)
eφ ln z

Gh(a, x, z, φ) = gh

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
Ga(a, x, z, φ) = ga

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
eψ ln z

Gx(a, x, z, φ) = gx

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
e

κ
1−µ ln z.

The budget constraint can be written as

Gc(a, x, z, φ) + qGa(a, x, z, φ) ≤ λ

(
eln z Gh(a, x, z, φ)

x

)(1−τ)θ0

+ a

gc

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
eφ ln z + qga

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
eψ ln z ≤ λ

e
(

1− κ
1−µ

)
ln z gh

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
e−

κ
1−µ ln zx

(1−τ)θ0

+ a

gc

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
+ qga

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
≤ λ

gh

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
e−

κ
1−µ ln zx

(1−τ)θ0

+ e−φ ln za

Evaluating at ln z = 0 we get

gc (a, x, φ) + qga (a, x, φ) ≤ λ

(
gh (a, x, φ)

x

)(1−τ)θ0

+ a,

as expected. As for the borrowing constraint, we write

Ga(a, x, z, φ) ≥ b(z)

ga

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
eψ ln z ≥ eψ ln zb

ga

(
e−ψ ln za, e−

κ
1−µ ln zx, φ

)
≥ b.

Aggregation. Let S(a, x, φ) be the distribution of assets, income aggregates and prefer-
ence parameters. The associated operator is

T S(A,X , φ) =
∫

a,x:ã′(a,x,φ)∈A,x̃′(a,x,φ)∈X
S(a, x, φ) da dx ∀φ,A ⊆ A,X ⊆ X.
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S is stationary if T S = S. In the aggregate, assets are zero:∫
a,x,φ

ga(a, x, φ)S(a, x, φ) da dx dφ = 0, (34)

and the budget constraint holds:∫
a,x,φ

[gc(a, x, φ)− gh(a, x, φ)] S(a, x, φ) da dx dφ = 0. (35)

For given tax parameters τ, θ0 and µ, the recursive competitive equilibrium consists of the
tax parameter λ, price q, value function v(a, x, φ), policy functions gc(a, x, φ), gh(a, x, φ),
ga(a, x, φ) and gx(a, x, φ), and distribution S(a, x, φ) such that i) v, gc, gh, ga and gx solve
the dynamic program above, ii) S is stationary, iii) aggregate assets are zero, i.e. (34)
holds, and iv) the resource constraint (35) holds.

F(a, x, φ, z) = Pr(ã ≤ a, x̃ ≤ x, φ, z)

= Pr(e−ψ ln z ã ≤ e−ψ ln za, e−
κ

1−µ ln z x̃ ≤ e−
κ

1−µ ln zx, φ, ln z)

Transition function:

Q(A,X , ln z′|a, x, ln z, φ) =

 fω(ln z′ − ln z) if Ga(a, x, ln z, φ) ∈ A and Gx(a, x, ln z, φ) ∈ X .

0 otherwise

The law of motion for the distribution S(a, x, z, φ) is

T S(A,X , z′, φ) =
∫

a,x,z
Q(A,X , z′|a, x, z, φ)S(a, x, z, φ) da dx dz ∀φ,A ⊆ A,X ⊆ X.

Now note that Ga(a, x, z, φ) ∈ A if and only if Ga

(
e−ψ ln za, e−

κ
1−µ ln zx, 0, φ

)
∈ e−ψ ln zA

and that Gx(a, x, z, φ) ∈ X if and only if Gx

(
e−ψ ln za, e−

κ
1−µ ln zx, 0, φ

)
∈ e−

κ
1−µ ln zX . Thus

Q(A,X , z′|a, x, z, φ) = Q(e−ψ ln zA, e−
κ

1−µ ln zX , ln z′ − ln z|e−ψ ln za, e−
κ

1−µ ln zx, 0, φ).

50



Guess that S(a, x, z, φ) = S(e−ψ ln za, e−
κ

1−µ ln zx, 0, φ)er ln z. Now, ∀φ,A ⊆ A,X ⊆ X,

T S(A,X , z′, φ)

=
∫

a,x,ln z
Q(A,X , z′|a, x, z, φ)S(a, x, z, φ) da dx d ln z

=
∫

a,x,ln z
Q(e−ψ ln zA, e−

κ
1−µ ln zX , ln z′ − ln z|e−ψ ln za, e−

κ
1−µ ln zx, 0, φ)S(e−ψ ln za, e−

κ
1−µ ln zx, 0, φ)er ln z da dx d ln z

=
∫

a,x,z
Q(e−ψ ln zA, e−

κ
1−µ ln zX , ln z′ − ln z|ã, x̃, 0, φ)S(ã, x̃, 0, φ)e(r+ψ+ κ

1−µ ) ln z dã dx̃ d ln z

= e(r+ψ+ κ
1−µ ) ln z′

∫
a,x

Q(e−ψ ln zA, e−
κ

1−µ ln zX , ω|ã, x̃, 0, φ)S(ã, x̃, 0, φ)e−(r+ψ+ κ
1−µ )ω dã dx̃

= e(r+ψ+ κ
1−µ ) ln z′T S(e−ψ ln zA, e−

κ
1−µ ln zX , ω, φ)

where ã = e−ψ ln za and x̃ = e−
κ

1−µ ln zx.

11.1 No savings as a special case.

The solution to the model with no savings is a special case with a = a′ = 0. Next Lemma
characterizes the value function:

Lemma 16. Suppose that a = a′ = 0 (no savings). Then the value function v̂(x, φ) = v(0, x, φ)

satisfies
v̂(x, φ) = A ln x + B ln φ + C,

where

A = −(1− τ)θ0
1− βδ

1− βδµ

B = −1− τ

1 + η

C = ln λ +
1− τ

1 + η
[ln(1− τ)− 1]− βδ

1− βδ
(1− τ)

σ2
ω

2
.

Proof. Using the guess, we have

E
[
v̂
(

e−
κ

1−µ ωx′, φ
)]

= A ln x′ + B ln φ + C + A
κ

1− µ

σ2
ω

2
.

Substituting away c and x′, and taking the first-order condition in h, the right-hand side
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becomes

RHS = (1− βδ) ln λ + (1− βδ)(1− τ)θ0(ln h− ln x)− (1− βδ)
φ

1 + η
h1+η

+ βδ

[
Aµ ln x + Aκ ln h + B ln φ + C + A

κ

1− µ

σ2
ω

2
− ψ

σ2
ω

2

]
.

Taking a first-order condition w.r.t. h yields

φh1+η = (1− τ)θ0 +
βδ

1− βδ
Aκ,

which implies that h is independent of x. We can then directly equate the terms involving
x to obtain the expression for A given in the lemma. This in turn allows us to obtain an
expression for hours worked:

h =

(
1− τ

φ

) 1
1+η

.

Rewriting the right-hand side yields

A ln x + B ln φ + C = (1− βδ) ln λ + (1− βδ)
1− τ

1 + η
[ln(1− τ)− ln φ− 1]

+ A ln x + βδB ln φ + βδC

+ βδ

(
A

κ

1− µ
− ψ

)
σ2

ω

2
.

This yields B in the expression. Finally, equating the constants and rearranging (using
A κ

1−µ − ψ = −1 + τ) yields the expression for C.

Value and Policy Functions. The optimal policy functions, after un-normalizing them,
are simply

ln h =
1

1 + η
[ln(1− τ)− ln φ]

ln c = ln λ + (1− τ)θ0

(
ln(1− τ)− ln φ

1 + η
− ln x + ln z

)
ln x′ = κ ln z +

κ

1 + η
[ln(1− τ)− ln φ] + µ ln x.
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The value function V̂(x, z, φ) = v̂
(

e−
κ

1−µ ln zx, φ
)
+ ψ ln z can be written as

V̂(x, z, φ) = −(1− τ)θ0
1− βδ

1− βδµ
ln x− 1− τ

1 + η
ln φ + (1− τ) ln z + C.

Assume that ln x ∼ N(µx, σ2
x). Since

µx,t+1 = −κσ2
ωt +

κ

1 + η
ln(1− τ)− κσ2

φ + µµxt (36)

Optimal Sequences We can recover a sequence of the x values by repeatedly substitut-
ing to the law of motion:

ln hj =
1

1 + η
[ln(1− τ)− ln φ]

ln cj = ln λ + (1− τ)θ0
(
ln h− ln xj + ln zj

)
= ln λ + (1− τ)θ0

[
ln h− κ ln h ∑j−1

k=0 µk − κ ∑j−1
k=0 µk ln zj−k−1 + ln zj

]
= ln λ + (1− τ)∑j

k=0 θk ln h + (1− τ)∑j
k=0 θk ln zj−k

ln xj = κ ln h ∑j−1
k=0 µk + κ ∑j−1

k=0 µk ln zj−k−1.

Note that the expressions for cj and hj are identical to the ones derived in the sequence
problem, verifying the alternative derivation.

Expected values. The expected values are:

E0hj = (1− τ)
1

1+η

E0cj = λ(1− τ)∑
j
k=0

1−τ
1+η θk Bφ

(
−∑j

k=0
1− τ

1 + η
θk

)
∏j−1

k=0 Bω

[
∑k

l=0(1− τ)θl

]
E0 ln xj = κ

[
∑j−1

k=0 µk

(
ln(1− τ)

1 + η
−

σ2
φ

2

)
−∑j−1

k=0 µj−k−1k
σ2

ω

2

]

= − 1
θ0

[
∑j

k=1 θk

(
ln(1− τ)

1 + η
−

σ2
φ

2

)
−∑j−1

k=0 θj−kk
σ2

ω

2

]
.
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The expected value function is

E0V̂j = −(1− τ)θ0
1− βδ

1− βδµ
E0 ln xj − (1− τ)

σ2
φ

2
− (1− τ)j

σ2
ω

2
+ C.

Aggregation The aggregate resource constraint is

(1− δ)∑∞
j=0 δjE(cj − ln zjh) = 0

λA(τ, θ) = (1− τ)
1

1+η ,

yielding ln λ = 1
1+η ln(1 − τ) − ln A(τ, θ), the same expression as in the unrestricted

sequence problem.

Welfare The aggregate welfare can be as follows:

W =
(1− δ)(1− β)

1− βδ

∞

∑
t=−∞

βtE0V̂t =
(1− δ)(1− β)

1− βδ

[
∑∞

t=0 βtE0V̂0 + ∑∞
t=1 δtE0V̂t

]
We write

E0V̂0 = − ln A +
1

1 + η
[ln(1− τ)− 1 + τ] + (1− τ)

[
ln(1− τ)

1 + η

σ2
φ

2

]
− (1− τ)

β(1− δ)

1− βδ

σ2
z

2

∑∞
t=1 δtE0V̂t =

δ

1− δ
E0V̂0 −∑∞

t=1 δtt
σ2

ω

2

+ (1− τ)
1− βδ

1− βδµ

[(
ln(1− τ)

1 + η
−

σ2
φ

2

)
∑∞

t=1 δt ∑t−1
k=0 θk+1 −

σ2
ω

2 ∑∞
t=1 δt ∑t−1

k=0 θj−kk

]

=
δ

1− δ
E0V̂0 −

1
1− δ

(1− τ)
σ2

z
2

+
1

1− δ
(1− τ)

1− βδ

1− βδµ

(
ln(1− τ)

1 + η
−

σ2
φ + σ2

z

2

)
∑∞

k=1 δkθk,

54



where the last equality uses ∑∞
t=1 δtt = δ

(1−δ)2 , ∑∞
t=1 δt ∑t−1

k=0 θk+1 = 1
1−δ ∑∞

k=1 δkθk, and

∑∞
t=1 δt ∑t−1

k=0 θj−kk = 1
1−δ

δ
1−δ ∑∞

k=1 δkθk. We can then write the expression for welfare as

W = E0V̂0 −
1− β

1− βδ
(1− τ)

σ2
z

2
+ (1− τ)

1− β

1− βδµ

(
ln(1− τ)

1 + η
−

σ2
φ + σ2

z

2

)
∑∞

k=1 δkθk

= − ln A +
1

1 + η
[ln(1− τ)− 1 + τ]

+ (1− τ)

(
ln(1− τ)

1 + η
−

σ2
φ + σ2

z

2

)[
1 +

1− β

1− βδµ ∑∞
k=1 δkθk

]
,

where the second equality uses the fact that β(1−δ)
1−βδ + 1−β

1−βδ = 1 and consolidates terms.
Now write

1 +
1− β

1− βδµ ∑∞
k=1 δkθk = ∑∞

k=1 δkθk + 1 +
(

1− β

1− βδµ
− 1
)

∑∞
k=1 δkθk

= ∑∞
k=1 δkθk + 1− β(1− δµ)

1− βδµ ∑∞
k=1 δkθk

= ∑∞
k=1 δkθk + 1− β(1− δµ)

1− βδµ

δθ1

1− δµ

= ∑∞
k=1 δkθk + 1− βδθ1

1− βδµ

= ∑∞
k=1 δkθk + θ0,

where the third equality sums the coefficients using θk = θ1µk−1, and the last equality
uses the relationship between θ0 and θ1. Hence the welfare is

W = − ln A +
1

1 + η
[ln(1− τ)− 1 + τ] + (1− τ)

(
ln(1− τ)

1 + η
−

σ2
φ + σ2

z

2

)
∑∞

k=0 δkθk,

which is identical to the corresponding expression in the sequence problem.
Transition function:

Q(X , z′|x, z, φ) =

 fω(ln z′ − ln z) if
(

1−τ
φ

) κ
1+η xµeκ ln z ∈ X .

0 otherwise

Hence Q(X , z′|x, z, φ) = Q(e−κ ln zX , ω|x, 0, φ).
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The distribution function is

F(X , z′|x, z, φ) = Q(e−ψ ln zA, e−
κ

1−µ ln zX , ln z′ − ln z|e−ψ ln za, e−
κ

1−µ ln zx, 0, φ).

The distribution satisfies

T S(x′, z′, φ)

=
∫

x,z
Q(x′, z′|x, z, φ)S(x, z, φ) dx dz

=
∫

z
f (ln z′ − ln z)S

((
1− τ

φ

)− κ
µ(1+η)

e−
κ
µ ln zx′, ln z, φ

)
dz

=
∫

z
f (ln z′ − ln z)S

((
1− τ

φ

)− κ
µ(1+η)

e−
κ
µ ln zx′, ln z, φ

)
dz.

12 Concluding Remarks

This paper studies the nature of history dependent income taxation, and the resulting
welfare gains, in a parametric framework that is easy to analyze. The main finding is
that the welfare gains are large, and that a substantial fraction of those welfare gains
can be captured by allowing for only a limited history dependence, where only a small
number of past incomes is included.

There are reasonable arguments why the welfare calculations in this paper might
either understate or overstate the true welfare gains from history dependence. The wel-
fare gains might be understated, because the functional forms considered in this paper
are clearly restrictive. There is no reason to believe that geometric weighted average
of past incomes is the best way to introduce history dependence into taxes. Heathcote
and Tsujiyama (2019) show that, in a static framework, the constant-rate-of-progressivity
generates about 80 percent of the welfare gains that can be obtained from the best pos-
sible Mirrleesian policy, but it is obviously hard to say whether similar conclusions hold
here. Needless to say, computing the optimal Mirrleesean policy in the current frame-
work, where the agents are heterogeneous along three dimensions (all of which are
important), is a problem that is not likely to be fully solved in the near future.

The main reason why the welfare gains might be overstated is that agents are not
allowed to save and smooth consumption on their own, since saving would potentially
reduce the need for government provided insurance. While it is possible to support
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zero savings as an equilibrium outcome in the current framework18, it is of course more
interesting to consider scenarios where at least some agents can smooth consumption
beyond what the government provides. I have computed the welfare gains from self-
insurance in a simple Bewley-Ayiagari economy with liquid assets, where the steady-
state ratio of mean liquid assets to mean earnings is calibrated to be 58.8 percent, as
reported in Kaplan and Violante (2014). The welfare gains from self-insurance under the
current U.S. tax code are 1.92 percent in consumption equivalents.19 Thus, the welfare
gains from history dependence would be reduced by about two thirds, still leaving a
large welfare gain from history dependence of more than one percent. But the computed
gains from self-insurance are likely to be substantially smaller than 1.92 percent. As
reported by Kaplan and Violante (2014), about one third of U.S. households are hand-to-
mouth agents with sizeable illiquid assets but zero liquid assets; those agents consume
all their after-tax earnings just like the agents in this paper, but they are not replicated
by a simple one-asset Bewley-Ayiagari model with lognormally distributed shocks. At
the same time, there might be additional welfare gains under the history dependent tax
system from Proposition 5, and even larger welfare gains from the history dependent
tax system that would be optimal if the agents can save.

Where do the welfare gains from history dependence come from? A simplest case
to see the welfare gains is one where only the persistent component is present. It is
easy to verify that the stochastic process for the resulting consumption (21) is just an-
other representation of the Inverse Euler equation: cj−1 = (q/β)Ecj. The Inverse Euler
equation is a hallmark of efficiency, and is obviously inconsistent with a standard Euler
equation (Golosov et al. (2003), Farhi and Werning (2012a)). The case where only one
component is present is a very special case in this respect. In general, if more than one
shock is present, consumption produced by the optimal policy in this paper does not
satisfy the Inverse Euler equation and, even though there are efficiency gains above self-
insurance, not all potential welfare gains are exploited. The design of more sophisticated
history dependent tax systems that exploit all the potential welfare gains is left for future
research.

18Since the natural borrowing constraint is zero given that productivity is lognormally distributed, it is
enough to assume that assets are in zero net supply.

19Given that the shocks are lognormally distributed, the natural borrowing constraint is zero. I have
used Tauchen approximation to approximate the distribution of persistent, transitory and permanent
shocks with, respectively, 51, 15 and 15 gridpoints. All agents are assumed to start with zero assets and
save at an intertemporal price q. The desired quantity of liquid assets is achieved at q = 0.988.
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Appendices

A Proofs

The following lemma shows relationships that will be used in the proofs that follow. The
proof of the lemma is straightforward and is omitted.

Lemma 17. Suppose that a sequence of history dependence coefficients {θk} satisfies the incentive
keeping constraint (7). Then, for any ρ ∈ [0, 1],

∞

∑
j=0

βj
j

∑
k=0

ρj−kθk =
1

1− βρ

∞

∑
j=0

βjθj =
1

1− βρ
(37)

∞

∑
j=0

βj
j

∑
k=0

ρ2(j−k)θ2
k =

1
1− βρ2

∞

∑
j=0

βjθ2
j (38)

∞

∑
j=0

βj
j

∑
k=0

k−1

∑
l=0

ρ2j−k−lθkθl =
1

1− βρ2

∞

∑
j=0

βj
j−1

∑
k=0

ρj−kθjθk. (39)

∞

∑
j=0

βj
j

∑
k=0

(j + 1− k)θk =
1

(1− β)2

∞

∑
j=0

βjθj =
1

(1− β)2 (40)

∞

∑
j=0

βj
j

∑
k=0

(j + 1− k)2θ2
k =

1 + β

(1− β)3

∞

∑
j=0

βjθ2
j (41)

∞

∑
j=0

βj
j

∑
k=0

k−1

∑
l=0

(j + 1− k)(j + 1− l)θkθl =
1 + β

(1− β)3

∞

∑
j=0

βj
j−1

∑
k=0

θjθk

[
1 +

1− β

1 + β
(j− k)

]
. (42)

Proof of Proposition 1. The government chooses the tax parameters {λj}, τ and {θj} to
maximize W subject to P = 0 and (7), taking (8) and (9) as given. Rewrite first the
consumption function explicitly in terms of the underlying shocks:

ln cj = ln λj +
1− τ

1 + η

j

∑
k=0

θk [ln(1− τ)− ln φ] + (1− τ)
j

∑
k=0

[
θkε j−k + θkκ +

(
∑k

l=0 ρk−lθl

)
ωj−k

]
.
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Taking expectation of log consumption and of the period utility yields

E0(ln cj) = ln λj +
1− τ

1 + η
[ln(1−τ)−Eln φ]

j

∑
k=0

θk + (1−τ)
j

∑
k=0

(
θkEε + θkEκ +

1− ρj+1−k

1− ρ
θkEω

)

E0(uj) = E0(ln cj)−
1− τ

1 + η
.

Substitute E0(uj) into the objective function (1). After some algebra, the expression for
the objective function can be written as

W = (1−β)∑∞
j=0 βj ln λj −

1−τ

1+η
+ (1−τ)

[
ln(1−τ)−Eln φ

1 + η
+ Eε +

Eω

1−βρ
+ Eκ

]
,

(43)

where (37) was used to simplify the present values. The resource constraint is simplified
similarly. The expected values of period consumption, and production are

E0(cj) = λje
1−τ
1+η ln(1−τ)∑

j
k=0 θk ∏j

k=0 (BωkBεk) BφjBκ j

E0(yj) = e

(
1−ρ2j+2

1−ρ2 −
1−ρj+1

1−ρ

)
σ2

ω
2
(1− τ)

1
1+η ,

where Bωk, Bεk, Bφj and Bκ j are as defined in in the text. Substituting E0(cj) and E0(yj)

into the resource constraint (10) yields

ν(1− τ)1+η = (1− q)∑∞
j=0 qjλje

1−τ
1+η ln(1−τ)∑

j
k=0 θk ∏j

k=0 (BωkBεk) BφjBκ j + G,

where ν = exp(− (1−ρ)qρ
(1−qρ)(1−qρ2)

σ2
ω
2 ) is the present value of the persistent component. Let

ζ be the Lagrange multiplier on the resource constraint. The first-order conditions in λj

yield
1
λj

= ζ
1− q
1− β

(
q
β

)j
e

1−τ
1+η ln(1−τ)∑

j
k=0 θk ∏j

k=0 (BωkBεk) BφjBκ j.

Eliminating λj from the resource constraint yields the value of the Lagrange multiplier

ζ−1 = ν (1− τ)
1

1+η − G. Rearranging implies (12).
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The aggregate consumption in period j must then satisfy

E0(cj) =
1
ζ

1− β

1− q

(
β

q

)j
.

Proof of Proposition 2. With productivity shocks being lognormally distributed, the ag-
gregate moments simplify to

ln Bωj = −∑j
k=0

[
(1− τ)ρj−kθk − (1− τ)2ρ2(j−k)θ2

k − 2(1− τ)2 ∑k−1
l=0 ρ2j−k−lθlθk

] σ2
ω

2

ln Bεj = −
[
(1− τ)θj − (1− τ)2θ2

j

] σ2
ε

2

ln Bκ j = −∑j
k=0

[
(1− τ)θk − (1− τ)2θ2

k − 2(1− τ)2 ∑k−1
l=0 θlθk

] σ2
κ

2

ln Bφj = −∑j
k=0

[
(1− τ)θk − (1− τ)2θ2

k − 2(1− τ)2 ∑k−1
l=0 θlθk

] σ2
φ

2
.

Furthermore, Eω = −σ2
ω
2 , Eε = −σ2

ε
2 , Eκ = −σ2

κ
2 and E ln φ = (1 + η)

σ2
φ

2 . Substituting
those expressions into (13), simplifying the expressions by using (37)-(39) and cancelling
terms yields (14).

Proof of Proposition 5. Since sφ and sκ enter symmetrically, assume that sκ = 0. Rearrang-
ing equation (18) shows that it is a fourth-order homogeneous linear difference equation

p1θj+2 + p2θj+1 + p3θj + p4θj−1 + p5θj−2 = 0,

where

p1 = −β2ρsε

p2 = β(1− βρ2)sω + β
[
(1 + β)ρ + 1 + βρ2

]
sε + β(1− β)ρsφ

p3 = −(1− βρ2)(1 + β)sω − (1 + βρ)(1 + β + βρ)sε − (1− β)(1 + βρ2)sφ

p4 = (1− βρ2)sω + (1 + ρ)(1 + βρ)sε + ρ(1− β)sφ

p5 = −ρsε.
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The characteristic equation is a quartic equation, and it can be written as (19). It has
four roots, µ1 ∈ (0, ρ), µ2 ∈ (ρ, 1), µ3 ∈ (β−1, β−1ρ−1) and µ4 ∈ (β−1ρ−1, ∞). The last
two roots are greater than β−1 and so must have zero weight in the optimal solution,
otherwise the incentive keeping constraint (7) cannot hold. So

θj = c1µ
j
1 + c2µ

j
2, j > 0. (44)

for some c1 and c2. To find c1 and c2, as well as θ0, substitute (44) into (18) for j > 0 and
rearrange terms to write it as

θ0sφ +
c1

1− µ1
sφ +

c2

1− µ1
sφ + ρj

(
θ0 +

c1

ρ− µ1
+

c2

ρ− µ2

)
sω = ζ. (45)

In order to hold for all j, the last term on the right-hand side must be zero, and so

θ0 +
c1

ρ− µ1
+

c2

ρ− µ2
= 0.

Eliminating ζ from (45) by using (18) for j = 0 and rearranging gives a second condition:

θ0 =
c1

µ1
+

c2

µ2
.

The final condition comes from the incentive keeping constraint(7). Using (44) yields

θ0 +
βc1

1− βµ1
+

βc2

1− βµ2
= 1.

Solving the last three equations for c1 and c2 and θ0 yields the result in the Proposition.

Proof of Proposition 10. Let s̃φ ≥ sφ. Let also θ∗ and θ̃∗ be the corresponding history
dependence coefficients, and P(θ) and P̃(θ) be the corresponding risk loading functions.
Finally, let ς = sω/sε and ς̃ = s̃ω/s̃ε. We have ς̃ ≥ ς. We have

P̃(θ̃∗) = (1− s̃φ)
P0(θ̃

∗) + ς̃Pρ(θ̃∗)

1 + ς̃
+ s̃φP1(θ̃

∗)

≥ (1− sφ)
P0(θ̃

∗) + ςPρ(θ̃∗)

1 + ς
+ sφP1(θ̃

∗) ≥ P(θ∗).
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The first equality is by definition of P̃. The second one follows from the fact that P0(θ) <

Pρ(θ) < P1(θ) for any strictly positive θ. The last inequality follows from the fact that θ̃∗

may not minimize P(θ), but θ∗ does. The proof of the second part is analogous.

To prove Proposition 12, the following Lemma will be needed.

Lemma 18. Let
Γ = (1− q)∑∞

i=0 qi ∏i
k=0 e− fk

for some { fi}, fi ∈ R, i ≥ 0. Then Γ ≈ e−∑∞
i=0 qi fi .

Proof. First truncate the infinite sum at some finite length K, and define ΓK = (1 −
q)∑K

i=0 qi ∏i
k=0 e− fk . We can write it as ΓK = (1− q)e− f0 A1, where A1 is defined by a

recursive relation
Ai = 1 + qe− fi Ai+1, i = 1, 2 . . . , K− 1,

with terminal value AK = 1 + qe− fK . The terminal value can be approximated by

AK ≈ 1 + q(1− fK) = (1 + q)
(

1− q
1 + q

fK

)
≈ (1 + q)e−

q
1+q fK ,

where the first approximation uses the fact that e−a ≈ 1− a for small a, while the second
one uses the same fact in the form ln(1 + a) ≈ a for small a. Now assume that Ai+1

satisfies

Ai+1 ≈
(
∑K−i

k=0 qk
)

e
−

q ∑K−i−1
k=0 qk

∑K−i
k=0 qk fi+1−

q2 ∑K−i−2
k=0 qk

∑K−i
k=0 qk fi+2 ... − qK−1

∑K−i
k=0 qk fK

for some i < K. We have shown that AK takes this form. Then

Ai ≈ 1 + q
(
∑K−i

k=0 qk
)

e
− fi−q

∑K−i−1
k=0 qk

∑K−i
k=0 qk fi+1−q2 ∑K−i−2

k=0 qk

∑K−i
k=0 qk fi+2 ... − qK−1

∑K−i
k=0 qk fK

≈ 1 + q
(
∑K−i

k=0 qk
)(

1− fi − q
∑K−i−1

k=0 qk

∑K−i
k=0 qk

fi+1 − q2 ∑K−i−2
k=0 qk

∑K−i
k=0 qk

fi+2 . . .− qK−1

∑K−i
k=0 qk

fK

)

=
(
∑K+1−i

k=0 qk
)(

1− q
∑K−i

k=0 qk

∑K+1−i
k=0 qk

fi − q2 ∑K−i−1
k=0 qk

∑K+1−i
k=0 qk

fi+1 . . .− qK

∑K+1−i
k=0 qk

fK

)

≈
(
∑K+1−i

k=0 qk
)

e
−q

∑K−i
i=0 qk

∑K+1−i
k=0 qk fi−q2 ∑K−i−1

k=0 qk

∑K+1−i
k=0 qk fi+1 ... − qK

∑K+1−i
k=0 qk fK

,
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where we have used the same approximations as in the first step. Thus, Ai satisfies the
functional form as well, and so

ΓK ≈ (1− q)
(
∑K+1−i

k=0 qk
)

e
− f0−q

∑K−i
i=0 qk

∑K−i
k=0 qk fi−q2 ∑K−i−1

k=0 qk

∑K−i
k=0 qk fi+1 ... − qK

∑K−i
k=0 qk fK

.

Taking the limit as K goes to infinity yields the expression in the Lemma.

Proof of Proposition 12. The proof shows that the welfare function is approximately equal
to (14). The welfare function can be written analogously to (43),

W = ln λ− 1− τ

1 + η
+ (1− τ)

ln(1− τ)

1 + η
− 1− τ

2

(
σ2

ω

1− βρ
+ σ2

ε + σ2
φ + σ2

κ

)
, (46)

where the (age independent) tax parameter λ is obtained from the resource constraint
(10) and is equal to

λ =
ν(1− τ)

1
1+η − G

Γ
, (47)

where Γ satisfies

Γ = (1− q)∑∞
j=0 qje

1−τ
1+η ln(1−τ)∑

j
k=0 θk ∏j

k=0 (BωkBεk) Bφj.

Note that the aggregate moments can be written as

Bωj = e−
1
2 mj(1−mj)σ

2
ω , mj = (1− τ)∑j

k=0 ρj−kθk

Bεj = e−
1
2 pj(1−pj)σ

2
ε , pj = (1− τ)θj

Bφj = e−∑
j
k=0 nk

σ2
φ
2 , nj = (1− τ)θj − (1− τ)2θ2

j − 2(1− τ)2 ∑j−1
k=0 θkθj.

I will approximate Γ by using Lemma 18. Write Γ = (1− q)∑∞
j=0 qj ∏

j
k=0 e− fk , where

f j = −
1− τ

1 + η
ln(1− τ)θj + nj

σ2
φ

2
+ mj(1−mj)

σ2
ω

2
+ pj(1− pj)

σ2
ε

2
.
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Applying Lemma 18, it can be approximated by Γ ≈ e−∑∞
j=0 qj f j . That is,

ln Γ ≈∑∞
j=0 qj

[
1− τ

1 + η
ln(1− τ)θj − nj

σ2
φ

2
−mj(1−mj)

σ2
ω

2
− pj(1− pj)

σ2
ε

2

]

=
1− τ

1 + η
ln(1− τ)∑∞

j=0 βjθj −
1− τ

2

(
σ2

ω

1− qρ
+ σ2

ε + σ2
φ

)
+

(1− τ)2

2
P(θ)σ2

where the last equality uses using the fact that Pρ(θ) = (1− βρ2)∑∞
j=0 βj

(
∑

j
k=0 ρj−kθk

)2
,

and the assumption that q = β. Using (47), the approximation for ln Γ and cancelling
terms in (46) yields the result.

Proof of Proposition 13. The stochastic process for consumption is now given by

ln cj = ln λj +
1− τ

1 + η

j

∑
k=0

θk [ln(1− τ)− ln φ]

+ (1− τ)
j

∑
k=0

[
θkε j−k + θkκ +

(
∑k

l=0 ρk−lθl

)
ωj−k + (j + 1− k)θkγ

]
.

Taking expectations and solving for {λj} yields the following expression for the social
welfare function:

W(τ, θ) = ū(τ) + (1− τ)

(
Eω

1− βρ
+ Eε + Eκ − E ln φ

1 + η
+

Eγ

1− β

)
−

∞

∑
j=0

βj
[
ln Bωj + ln Bεj + (1−β)(ln Bκ j + ln Bφj + ln Bγj)

]
. (48)

where the expression for Eγ on the right-hand side uses the result that

(1− β)∑∞
j=0 βj ∑j

k=0(j + 1− k)θk =
1

1− β ∑∞
j=0 βjθj.

The new term Bγj satisfies Bγj = Ee(1−τ)∑
j
k=0 θk(j+1−k)γ. Using the fact that γ is normally

67



distributed, we write

ln Bγj =−
[
(1− τ)∑j

k=0 θk(j + 1− k)− (1− τ)2
(
∑j

k=0 θk(j + 1− k)
)2
]

σ2
γ

2

=− (1− τ)∑j
k=0 θk(j + 1− k)

σ2
γ

2

+ (1− τ)2 ∑j
k=0

[
θ2

k(j + 1− k)2 + 2 ∑k−1
l=0 θkθl(j + 1− k)(j + 1− l)

] σ2
γ

2
.

Substituting into (48), simplifying the expressions by using (37)-(42) and cancelling terms
yields (14).

Proof of Proposition 14. Let ζ be the Lagrange multiplier on the incentive keeping con-
straint. The first-order condition in θj is

∑j
k=0 θk

(
1 +

1− β

1 + β
(j− k)

)
+ ∑∞

k=j+1 θkβk−j
(

1 +
1− β

1 + β
(k− j)

)
= ζ, j ≥ 0. (49)

Twice differencing the first-order condition yields

0 =
1 + β

1− β
θj + ∑∞

k=j+1 θkβk−j(k− j + 1), j ≥ 2.

This is a set of equations in θj for j ≥ 2, and is solved by θj = 0 for all j ≥ 2. Evaluating
the first-order condition (49) at j = 0 and j = 1, we obtain

θ0 +
2β

1 + β
θ1 =

2
1 + β

θ0 + θ1 = ζ.

combining both equations yields θ0 + θ1 = 0. The incentive keeping constraint then
implies that θ0 = 1/(1− β) and θ1 = −1/(1− β). The minimized value of P̂ can be
easily computed from the optimal history dependence parameters.
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Appendix NP1

Deriving the Aggregates when λ is Age Dependent - more details

Policy functions. Taking the first-order conditions to the agent’s problem yields the
optimal hours worked and consumption

ln h =
1

1 + η
[ln(1− τ)− ln φ]

ln cj = ln λj +
1− τ

1 + η
[ln(1− τ)− ln φ]

j

∑
k=0

θk + (1− τ)
j

∑
k=0

θk ln wj−k

= ln λj +
1− τ

1 + η
[ln(1− τ)− ln φ]

j

∑
k=0

θk + (1− τ)
j

∑
k=0

θk
(
κ + zj−k + ε j−k

)
= ln λj +

1− τ

1 + η
[ln(1− τ)− ln φ]

j

∑
k=0

θk + (1− τ)

[
j

∑
k=0

(κ + εj−k) +
j

∑
k=0

(
∑k

l=0 ρk−lθl

)
ωj−k

]
.

The expected values are

E0(ln cj) = ln λj +
1− τ

1 + η
[ln(1−τ)−Eln φ]

j

∑
k=0

θk + (1−τ)
j

∑
k=0

(
θkEε + θkEκ +

1− ρj+1−k

1− ρ
θkEω

)

E0(uj) = E0(ln cj)−
1− τ

1 + η

E0(cj) = λje
1−τ
1+η ln(1−τ)∑

j
k=0 θk ∏j

k=0 (BωkBεk) BφjBκ j

E0(yj) = e

(
1−ρ2j+2

1−ρ2 −
1−ρj+1

1−ρ

)
σ2

ω
2
(1− τ)

1
1+η ,

Aggregate welfare. The government maximizes

W = (1−β)∑J
j=0 βjE0(uj)

or,

W = (1−β)∑J
j=0 βj ln λj − (1− βJ+1)

1−τ

1+η
+ (1−τ)

[
ln(1−τ)−Eln φ

1 + η
+ Eε +

Eω

1−βρ
+ Eκ

]
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subject to the resource constraint

(1− q)
J

∑
j=0

qj [E0cj −E0yj
]
+ G = 0. (50)

Substituting E0(cj) and E0(yj) into the resource constraint (10) yields

ν(1− τ)1+η = (1− q)∑∞
j=0 qjλje

1−τ
1+η ln(1−τ)∑

j
k=0 θk Ψj + G,

where ν = exp(− (1−ρ)qρ
(1−qρ)(1−qρ2)

σ2
ω
2 ) is the present value of the persistent component and

Ψj = ∏j
k=0 (BωkBεk) BφjBκ j.

Let ζ be the Lagrange multiplier on the resource constraint. The first-order condition in
λj yields

1
λj

= ζ
1− q
1− β

(
q
β

)j
e

1−τ
1+η ln(1−τ)∑

j
k=0 θk Ψj.

Eliminating λj from the resource constraint yields the value of the Lagrange multiplier

ζ−1 = ν (1− τ)
1

1+η − G. Rearranging implies (12). The Lagrange multiplier is

λj =
1− β

1− q

(
β

q

)j e−
1−τ
1+η ln(1−τ)∑

j
k=0 θk

Ψj

[
ν (1− τ)

1
1+η − G

]
The lifetime utility now becomes

W = ū(τ) + (1− τ)

(
Eω

1− βρ
+ Eε + Eκ − E ln φ

1 + η

)
−

∞

∑
j=0

βj[ln Bωj + ln Bεj + (1−β)(ln Bκ j + ln Bφj)
]

. (51)

with
u(τ) = ln

[
ν(1− τ)

1
1+η − G

]
− 1− τ

1 + η
+ ln

(
1− β

1− q

)
+

β

1− β
ln
(

β

q

)
.
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12.1 Lognormal distribution.

With productivity shocks being lognormally distributed, we have

ln Bωj = −∑j
k=0

[
(1− τ)ρj−kθk − (1− τ)2ρ2(j−k)θ2

k − 2(1− τ)2 ∑k−1
l=0 ρ2j−k−lθlθk

] σ2
ω

2

ln Bεj = −
[
(1− τ)θj − (1− τ)2θ2

j

] σ2
ε

2

ln Bκ j = −∑j
k=0

[
(1− τ)θk − (1− τ)2θ2

k − 2(1− τ)2 ∑k−1
l=0 θlθk

] σ2
κ

2

ln Bφj = −∑j
k=0

[
(1− τ)θk − (1− τ)2θ2

k − 2(1− τ)2 ∑k−1
l=0 θlθk

] σ2
φ

2
.

Furthermore, Eω = −σ2
ω
2 , Eε = −σ2

ε
2 , Eκ = −σ2

κ
2 and E ln φ = (1 + η)

σ2
φ

2 .
The welfare is

W = u(τ)− 1
2
(1− τ)2 [sωPρ(θ) + sεP0(θ) + (sκ + sφ)P1(θ)

]
σ2. (52)

where

sω =
1

1− βρ2
σ2

ω

σ2 , sε =
σ2

ε

σ2 , sκ =
σ2

κ

σ2 , sφ =
σ2

φ

σ2 .

History Independence. When the tax is history independent, we have

ln Bωj = −
[
(1− τ)ρjθ0 − (1− τ)2ρ2jθ2

0

] σ2
ω

2

ln Bε0 = −τ(1− τ)
σ2

ε

2
ln Bεj = 0, j > 0

ln Bκ j = −τ(1− τ)
σ2

κ

2

ln Bφj = −τ(1− τ)
σ2

φ

2
.
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Thus, we write

Ψj = e
−∑

j
k=0[(1−τ)ρk−(1−τ)2ρ2k] σ2

ω
2 −τ(1−τ)

(
σ2

ε
2 +

σ2
κ
2 +

σ2
φ
2

)

= e
−
[
(1−τ)

1−ρj+1
1−ρ −(1−τ)2 1−ρ2(j+1)

1−ρ2

]
σ2

ω
2 −τ(1−τ)

(
σ2

ε
2 +

σ2
κ
2 +

σ2
φ
2

)

and the welfare as

W = u(τ)− 1
2
(1− τ)2

[
1

1− βρ2 σ2
ω + σ2

ε + σ2
κ + σ2

φ

]
. (53)

Appendix NP2: Deriving the Aggregates when λ is inde-

pendent of age - more details.

We obtain λ directly from the resource constraint:

λ =
ν(1− τ)1+η − G

(1− q)∑∞
j=0 qje

1−τ
1+η ln(1−τ)∑

j
k=0 θk Ψj

For history independence this reduces to

λ =
ν(1− τ)1+η − G

(1− τ)
1−τ
1+η (1− q)∑∞

j=0 qjΨj

Welfare is

W = ln λ− 1−τ

1+η
+ (1−τ)

[
ln(1−τ)−Eln φ

1 + η
+ Eε +

Eω

1−βρ
+ Eκ

]
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Policy functions. Taking the first-order conditions to the agent’s problem yields the
optimal hours worked and consumption

ln hj =
1

1 + η
[ln(1− τ)− ln φ]

ln cj = ln λ +
1− τ

1 + η

j

∑
k=0

θk [ln(1− τ)− ln φ] + (1− τ)
j

∑
k=0

θk ln zj−k

= ln λ +
1− τ

1 + η

j

∑
k=0

θk [ln(1− τ)− ln φ] + (1− τ)
j−1

∑
k=0

(
∑k

l=0 θl

)
ωj−k.

The expected values are

E0(cj) = λ(1− τ)
1−τ
1+η ∑

j
k=0 θk Bφ

[
−1− τ

1 + η ∑j
k=0 θk

]
∏j−1

k=0 Bω

[
(1− τ)∑k

l=0 θl

]
E0(yj) = (1− τ)

1
1+η E

(
e−

ln φ
1+η

)
E0(uj) = ln λ + (1− τ)

j

∑
k=0

θk
ln(1− τ)−E ln φ

1 + η
+ (1− τ)

j

∑
k=0

(j− k)θkEω− 1− τ

1 + η
.

The corresponding residual variance is

Var (ln c∗j ) = (1− τ)2 ∑j
k=1 θ2

j−kσ2
φ + (1− τ)2 ∑j

k=1

(
∑j−k

l=0 θl

)2
σ2

ω.

Aggregate welfare. To obtain the aggregate welfare, aggregate over all ages into (??):

W = (1− δµ)
∞

∑
j=0

(δµ)j
E0(uj)

= ln λ− 1− τ

1 + η
+ (1− τ) (1− δµ)

∞

∑
j=0

(δµ)j

[
ln(1− τ)−E ln φ

1 + η

j

∑
k=0

θk + Eω
j

∑
k=0

(j− k)θk

]

= ln λ− 1− τ

1 + η
+

1− τ

1 + η
[ln(1− τ)−E ln φ] (1− δµ)

∞

∑
j=0

(δµ)j
j

∑
k=0

θk

+ (1− τ)Eω (1− δµ)
∞

∑
j=0

(δµ)j
j

∑
k=0

(j− k)θk

= ln λ− 1− τ

1 + η
+ (1− τ)

[
ln(1− τ)

1 + η
− 1

1 + η
E ln φ +

µδ

1− µδ
Eω

] ∞

∑
k=0

(µδ)k θk,
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where the last equality uses the fact that (1− µδ)∑∞
j=0(µδ)j ∑

j
k=0 θk = ∑∞

j=0(µδ)jθj and

that (1− µδ)∑∞
j=0(µδ)j ∑

j
k=0(j− k)θk = µδ/(1− µδ)∑∞

j=0(µδ)jθj.

Aggregate cost. The expected value of period j costs is

E0(cj − zjh) = λBφ

[
−∑j

k=0
1− τ

1 + η
θk

]
∏j−1

k=0 Bω

[
(1− τ)∑k

l=0 θl

]
e

1−τ
1+η ln(1−τ)∑

j
k=0 θk − (1− τ)

1
1+η ,

where the second term on the right-hand side uses E
(

e−
1

1+η ln φ
)
= 1. Aggregating over

all ages, one obtains that the aggregate resource constraint is

0 = (1− δq)∑∞
j=0(δq)jE0(cj − zjh)

= (1− δq)
∞

∑
j=0

(δq)jλBφ

[
−∑j

k=0
1− τ

1 + η
θk

]
∏j−1

k=0 Bω

[
(1− τ)∑k

l=0 θl

]
e

1−τ
1+η ln(1−τ)∑

j
k=0 θk − (1− τ)

1
1+η ,

which is to be solved for λ:

λ∗(τ, θ) =
(1− τ)

1
1+η

(1− δq)
∞
∑

j=0
(δq)jBφ

[
−∑

j
k=0

1−τ
1+η θk

]
∏

j−1
k=0 Bω

[
(1− τ)∑k

l=0 θl

]
e

1−τ
1+η ln(1−τ)∑

j
k=0 θk

,

which is repeated here from the main text only for convenience.

12.2 Lognormal distribution.

With productivity shocks being lognormally distributed , the function λ∗ is approxi-
mated by see appendix NP2)

ln λ∗(τ, θ) ≈∑∞
k=0(δq)k

(
(1− τ)θk − (1− τ)2θ2

k − 2(1− τ)2 ∑k−1
l=0 θlθk

) δq
1−δq σ2

ω + σ2
φ

2

−∑∞
k=0(δq)k(1− τ)

ln(1− τ)

1 + η
θk +

ln(1− τ)

1 + η
.
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Substituting λ∗ into the welfare functionW yields

W = ln λ∗ − 1− τ

1 + η
+ (1− τ)

[
ln(1− τ)

1 + η
− µδ

1− µδ

σ2
ω

2
−

σ2
φ

2

]
∞

∑
k=0

(µδ)k θk

= ln λ∗ − 1− τ

1 + η
+ (1− τ)

[
ln(1− τ)

1 + η
− qδ

1− qδ

σ2
ω

2
−

σ2
φ

2
+

δ(q− µ)

(1− qδ)(1− µδ)

σ2
ω

2

]
∞

∑
k=0

(µδ)k θk

=
1

1 + η
[ln (1− τ)− (1− τ)]− (1− τ)2

∞

∑
k=0

(δq)k

(
θ2

k + 2
k−1

∑
l=0

θlθk

)(
δq

1− δq
σ2

ω

2
+

σ2
φ

2

)

+ (1− τ)

[
ln(1− τ)

1 + η
− qδ

1− qδ

σ2
ω

2
−

σ2
φ

2

]
∞

∑
k=0

δk
(

µk−qk
)

θk + (1− τ)
δ(q− µ)

(1− qδ)(1− µδ)

∞

∑
k=0

(µδ)kθk
σ2

ω

2
.

12.3 Special Case: µ = β

Suppose that the government discounts at a rate that equals to the agent’s discount rate.
Then the objective function becomes

W =
1

1 + η
[ln (1− τ)− (1− τ)]− (1− τ)2

∞

∑
k=0

(δq)k

(
θ2

k + 2
k−1

∑
l=0

θlθk

)(
δq

1− δq
σ2

ω

2
+

σ2
φ

2

)

− (1− τ)

[
ln(1− τ)

1 + η
− qδ

1− qδ

σ2
ω

2
−

σ2
φ

2

]
∞

∑
k=0

(δq)kθk

+ (1− τ)

[
ln(1− τ)

1 + η
− qδ

1− qδ

σ2
ω

2
−

σ2
φ

2

]
+ (1− τ)

δ(q− β)

(1− qδ)(1− βδ)

σ2
ω

2
.

since ∑∞
k=0 (βδ)k θk = 1.

12.4 Special Case: µ = q

If the government discounts both utility and resources at the same rate,

W =
1

1 + η
[ln (1− τ)− (1− τ)]− (1− τ)2

∞

∑
k=0

(δq)k

(
θ2

k + 2
k−1

∑
l=0

θlθk

)(
δq

1− δq
σ2

ω

2
+

σ2
φ

2

)
.
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12.5 Special Case: Benchmark General Equilibrium

In the general equilibrium version of the model we set µ = 1 and q = δ. The last two
terms drop out and the objective function becomes

W =
1

1 + η
[ln (1− τ)− (1− τ)]− (1− τ)2

∞

∑
k=0

δk

(
θ2

k + 2
k−1

∑
l=0

θlθk

)
σ2

z + σ2
φ

2
,

where σ2
z = δ

1−δ σ2
ω.

Appendix NP3: Approximating the function λ∗

Let Γ = (1− τ)
− 1

1+η λ∗. I will approximate the function Γ. Moreover, since qδ always
appears together, I will set q = 1 throughout, to reduce notation. Then the function Γ
can be compactly written as

Γ(τ, θ)−1 = (1− δ)∑∞
j=0 δjB̄jBφj ∏j−1

k=0 Bωk,

where

Bωj ≡ Bω

[
(1− τ)∑j

k=0 θk

]
= e−∑

j
k=0[(1−τ)θk−(1−τ)2θ2

k−2(1−τ)2 ∑k−1
l=0 θlθk]

σ2
ω
2 = e−

1
2 mj(1−mj)σ

2
ω

Bφj ≡ Bφ

[
−1− τ

1 + η ∑j
k=0 θk

]
= e−∑

j
k=0[(1−τ)θk−(1−τ)2θ2

k−2(1−τ)2 ∑k−1
l=0 θlθk]

σ2
φ
2 = e−∑

j
k=0 nk

σ2
φ
2

B̄j ≡ e∑
j
k=0

1−τ
1+η ln(1−τ)θk = e∑

j
k=0 ok ,

and

mk = (1− τ)∑k
l=0 θl

nk = (1− τ)θk − (1− τ)2θ2
k − 2(1− τ)mk−1θk

ok =
1− τ

1 + η
ln(1− τ)θk.

Note, for future reference, that the relationship between m and n can be written as
mk −m2

k = mk−1 −m2
k−1 + nk, and that m0 −m2

0 = n0.
I first truncate the history at an arbitrary length K, approximate the resulting function
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Γ, and then take the limit as K goes to infinity. Assume that θk = 0 for k > K for some
K > 0. Truncation implies that B̄j = B̄K, Bφj = BφK and Bωj = BωK for j > K. Then

Γ(τ, θ)−1 = (1− δ)

[
∑K

j=0 δjB̄jBφj ∏j−1
k=0 Bωk +

δK+1

1− δBωK
B̄KBφK ∏K

k=0 Bωk

]
= (1− δ)eo0− 1

2 n0σ2
φ

[
∑K

j=0 δj ∏j−1
k=0 eok+1− 1

2 nk+1σ2
φ Bωk +

δK+1

1− δBωK
∏K

k=0 eok+1− 1
2 nk+1σ2

φ Bωk

]
.

This can be expressed recursively by means of the following relationship:

Γ(τ, θ)−1 = eo0− 1
2 n0σ2

φ A0

Ak = 1− δ + δeok+1− 1
2 nk+1σ2

φ− 1
2 mk(1−mk)σ

2
ω Ak+1, k = 0, . . . , K− 1

AK = (1− δ)

(
1 + δ

BωK

1− δBωK

)
=

1
1

1−δ −
δ

1−δ e−
1
2 mK(1−mK)σ

2
ω

.

The terminal term AK can be approximated as

AK ≈
1

1 + δ
1−δ mK(1−mK)

1
2 σ2

ω

≈ e−
δ

1−δ(mK−m2
K)

1
2 σ2

ω ,

The first approximation uses the fact that e−a ≈ 1− a for small a, while the second one
uses the same fact in the form ln(1 + a) ≈ a for small a. Now suppose that

Ak ≈ e−
δ

1−δ(mk−m2
k+∑K−k

l=1 δlnk+l)
σ2

ω
2 −∑K−k

l=1 δlnk+l
σ2

φ
2 +∑K−k

l=1 δlok+l . (54)

Clearly, AK takes this form. Write

Ak−1 = 1−δ + δeok−nk
1
2 σ2

φ−mk−1(1−mk−1)
1
2 σ2

ω Ak

= 1−δ + δe−(mk−1−m2
k−1)

1
2 σ2

ω−nk(1−nk)
1
2 σ2

φ+ok Ak

= 1−δ + δe−[mk−1−m2
k−1+

δ
1−δ(mk−m2

k+∑K−k
l=1 δlnk+l)] 1

2 σ2
ω−∑K−k

l=0 δlnk+l
1
2 σ2

φ+∑K−k
l=0 δlok+l

= 1−δ + δe−[
1

1−δ (mk−1−m2
k−1)+

δ
1−δ nk+

δ
1−δ ∑K−k

l=1 δlnk+l] 1
2 σ2

ω−∑K−k
l=0 δlnk+l

1
2 σ2

φ+∑K−k
l=0 δlok+l

≈ e−
δ

1−δ(mk−1−m2
k−1+∑K−k+1

l=1 δlnk−1+l) 1
2 σ2

ω−∑K−k+1
l=1 δlnk−1+l

1
2 σ2

φ+∑K−k+1
l=1 δlok−1+l .

Thus, Ak−1 takes the form in (54) as well. The third equality uses the fact that mk−m2
k =

mk−1 −m2
k−1 + nk, and the last line uses the same approximations as in the initial step.
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Continuing by induction and noting that m0−m2
0 = n0 and that Γ(τ, θ)−1 = eo0− 1

2 n0σ2
φ A0,

one obtains that

ln Γ(τ, θ) ≈ −∑K
k=0 δk

(
ok − nk

σ2
φ

2
− δ

1− δ
nk

σ2
ω

2

)
.

Letting K go to infinity, replacing δ with qδ and and substituting in for nk and ok

yields the desired result.

12.6 Accuracy of the Approximation

The approximate solution, as characterized by the welfare function (??) and by Proposi-
tion ?? is only as good as the approximation that underlies it. It is easy to see that the
approximation abstracts from some potentially important factors. Most prominently, it
suppresses the importance of consumption smoothing. The welfare function (??) implies
that the history dependence coefficients are independent of the variance parameters, and
thus hold even in case of σ2

φ = σ2
z = 0. But that is clearly incorrect in the true solution.

In the absence of idiosyncratic shocks it is optimal to have constant consumption over
time, which is acheved by a history independent tax system. Thus, we know that θ0 = 1
and θk = 0 for k > 0 is optimal, and the approximate solution is far away from the true
one. But how good is the approximation for realistic parameter values? Figure 8 shows
the approximate history dependence coefficients for history length K = 15, and com-
pares them to the true history dependence coefficients. In computing the true history
dependence parameters I take a benchmark value for the overall variance of shocks to be
σ2 = σ2

φ + σ2
z = 0.198 and , and the benchmark optimal progressivity wedge τ = 0.238

and show the results for various alternative values of the overall variance of shocks σ̂2.20

If the standard deviation of shocks is zero, σ̂ = 0, then the true coefficients are
zero, and the approximate solution is obviously inaccurate. This is also true when the
standard deviation is only 10 percent of the benchmark standard deviation of shocks, and
the consumption smoothing factor still dominates. However, if the standard deviation is
one half of the benchmark deviation then the true solution is already quite close to the
approximate solution. If the standard deviation is 90 percent of the benchmark value or
equal to the benchmark value then the approximate solution is almost identical to the

20To simplify exposition I only plot coefficients θk for k = 1, . . . K − 1 and do not show θ0 and θK that
have different magnitudes.
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Figure 8: Accuracy of the Approximate Solution for K = 15, τ = 0.238 and σ2 = σ2
φ + σ2

z = 0.198.

true solution. For realistic values of the

Appendix NP4: Equilibrium Interest Rate with History In-

dependence

With history independence, the consumption is given by

c∗j (zj) = c(τ)e
τ(1−τ)

(1+η)2

σ2
φ
2 A0(τ)

−1e(1−τ) ln z

The Euler equation is
1

cj(zj)
=

βδ

q
E

[
1

cj+1(ln zj+1)
| ln zj

]
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and substituting the equilibrium process,

1 =
βδ

q
E
[
e−(1−τ)ω

]
=

βδ

q
e(1−τ)(2−τ)

σ2
ω
2

Hence
q = βδe(1−τ)(2−τ)

σ2
ω
2

Appendix NP5: No idiosyncratic shocks

If there are no idiosyncratic shocks, then approximation is not helpful. We have

W(τ, θ) =
1

1 + η
[ln(1− τ)− 1 + τ] + ln A(τ, θ) +

1− τ

1 + η
ln(1− τ)

∞

∑
k=0

δkθk

A(τ, θ) = −(1− δ)∑∞
j=0 δje∑

j
k=0

1−τ
1+η ln(1−τ)θk .

First-order condition in θk:

1 +
1
A ∑∞

j=k δj−ke∑
j
k=0

1−τ
1+η ln(1−τ)θk = ζβk

Evaluating this for k = 0 yields ζ = 0, which in turn implies θk = 0 for k > 0, and so
θ0 − 1. Thus, consumption smoothing applies.
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