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Abstract

We compare multi-candidate elections under plurality rule versus ranked choice vot-
ing (RCV). In our framework candidates choose whether to pursue a narrow campaign
that targets their base, or instead pursue a broad campaign that can appeal to the entire
electorate. We present two main results comparing RCV to plurality. First, RCV can in-
tensify candidates” incentives to target their core supporters at the expense of a broader
appeal. Second, RCV may increase the probability that a candidate who would lose any
pairwise contest nonetheless wins a multi-candidate contest. Our results challenge widely

held contentions about the benefits of adopting RCV.
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1. Introduction

Ranked Choice Voting (RCV) is the most publicly debated and rapidly expanding elec-
toral reform in the United States. Rather than voting for a single candidate, voters under
RCV can rank multiple candidates.! If any candidate wins a majority of first preferences, she
is elected. If no candidate wins a majority of first preferences, the candidate with the fewest
tirst preferences is eliminated, and each of her ballots transfers to the next-ranked candidate.

The process repeats until a single candidate wins a majority of the remaining ballots.

RCV is widely employed in local and state elections, both in general elections and in the
primaries of both major US political parties.” A notable recent example is New York City,
which adopted RCV in its primary elections for both Mayor and City Council in 2019. The
change was endorsed by a broad coalition of political actors and hailed as “a smart, tested
reform that would make certain that New Yorkers elect candidates who have the support of
a majority of voters” (New York Times 2019). More recently, Alaska adopted RCV for its state

and federal elections through a voter initiative in 2020.

In this paper, we develop a new theoretical framework to analyze electoral competition
under RCV, and we use it to examine widely held contentions about RCV’s benefits relative

to a plurality rule.’

The first contention we assess is that RCV encourages candidates to pursue a broad elec-
toral appeal instead of focusing on their core supporters. The contention rests on the follow-
ing logic: under plurality, a candidate only benefits from the support of voters that prefer
her to every other candidate. This encourages a candidate to focus on mobilizing the nar-
row segment of voters that are most likely to prefer her over all other candidates—usually,

an ideological, social, or ethnic base. Under RCV, by contrast, a candidate can benefit from

!While variants of Ranked Choice Voting can also be used in multi-member districts (for
a review, see Santucci 2021), we focus on the more common version with single-member
districts—also called Instant Runoff. In this paper, we use RCV as a synonym of Instant
Runoff, though the latter is technically a special case of the former.

2For a comprehensive list, see https://www. fairvote.org/.

3For a comprehensive summary of RCV’s proposed benefits, see Cormack (2021).
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the support of voters that do not like her the most. The prospect of winning voters” second
preferences is expected to raise a candidate’s relative benefit from broadening her platform in
order to attract support from these voters, rather than focusing exclusively on her base. This
contention is advanced by scholars (Horowitz 2004; Drutman 2020), pundits, and electoral
reform advocates including Common Cause and FairVote in the United States and the United

Kingdom'’s Electoral Reform Society.

The second contention we assess is that RCV better aligns electoral outcomes with vot-
ers’ preferences—in particular, by weakening the prospect that a “Condorcet loser” wins a
multi-candidate contest. A Condorcet loser is defined as a candidate that would lose in head-
to-head competition with any other candidate. By definition, a Condorcet loser cannot win
a two-candidate contest; she may nonetheless win a multi-candidate contest if voters divide
their ballots across multiple candidates. RCV is expected to reduce that risk by allowing vot-
ers to transfer their ballots to other candidates in the event that their most preferred candidate

is eliminated.

This paper examines—and writ large rejects—these contentions using a formal-theoretical
model featuring three office-seeking candidates: a, b, and ¢, who compete for the support of
an electorate divided into three groups: A, B, and C. Voters in groups A and B are collec-
tively a majority, but voters in group C' are a plurality. An example could be a district in
which moderate (group A) and conservative (group B) Republicans are a majority of voters,

but Democrats (group ) outnumber either of the two Republican groups.

Each candidate j € {a,b, ¢} chooses whether to pursue a broad campaign that appeals to
all voters, or instead pursue a “base” campaign that targets (via material benefits and /or sym-
bolic appeals) voters in corresponding group J (so that group Ais a’s base, group B is b’s base,
and minority group C' is candidate c¢’s base). In a distributive politics setting, the broad strat-
egy represents an efficient spending allocation, versus a targeted policy that skews spending
towards a candidate’s core supporters or co-ethnics (e.g., Burgess et al. 2015). Alternatively,
the policies could distinguish issues that all voters care about (e.g., the economy) from narrow
issues that tend to excite only that candidate’s base (e.g., culture wars). A candidate’s base
is defined as the voters that she can exclusively target, possibly reflecting differences in the

candidates’ clientelistic networks (Dixit and Londregan 1996), or their credibility on ethnic or
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ideological issue cleavages (Robinson and Torvik 2005).

After the candidates choose policies, an aggregate preference shock is realized, and voters
choose whether to turn out or abstain. Under plurality, a voter that turns out casts a bal-
lot for a single candidate; under RCV, a voter that turns out chooses whether to rank one or
more candidates. Voting decisions are guided by a simple heuristic based on abstention due to
alienation, developed theoretically in Hinich, Ledyard and Ordeshook (1972), Callander and
Wilson (2007), and Zakharov (2008). In this heuristic, a voter always ranks candidates accord-
ing to her sincere preference, but she only awards a preference to candidates she likes enough.
Implied turnout patterns find empirical support in plurality rule elections (Adams, Dow and
Merrill 2006, Stewart 2020); we document evidence—including from our own voter survey
conducted during the 2020 New York Democratic mayoral primary—that our model matches

real-world RCV voting patterns.*

Candidates’ platforms can therefore persuade voters to support them, but they can also
mobilize turnout. Broad policies are more effective at changing voters” preferences over the
candidates, but narrowly targeted policies are more effective at turning out a candidate’s core

supporters.

Under plurality, a candidate wins if and only if she receives more votes (first preferences)
than every other candidate. In our three-candidate RCV setting, a candidate wins if and only
if (a) no other candidate wins a strict majority of first preferences, (b) she herself does not win
the fewest first preferences, and finally (c) her combined first and second preferences exceed
those of whichever candidate does not receive the fewest first preferences. Two facts about
RCV follow: winning second preferences from voters that do not like a candidate the most
is valuable, and winning voters’ first preferences may not be necessary to benefit from their

support.

#Our approach to voting behavior contrasts with formulations in which voters condition
their choice on the relative prospects of pivotal events. The strategic and computational
burden such behavior imposes on voters leads scholars to question its plausibility in real-
world plurality rule elections (Van der Straeten, Laslier, Sauger and Blais 2010). This burden
intensifies under RCV: in a three-candidate contest, the set of pivotal events expands from
three under plurality rule to twelve under RCV (Eggers and Nowacki 2021).



Our paper’s main insight is to show that these two facts need not encourage a candidate
to pursue a broad strategy; they may have the opposite effect and intensify a candidate’s

incentive to target her base.

The key intuition underlying our result is that the possibility of winning second prefer-
ences under RCV changes how the candidates pursue first preferences. Under plurality, a
candidate needs to win more first preferences than every other candidate. Under RCV, a can-
didate may instead focus on winning more first preferences than candidates whose voters are
likely to rank her second. By defeating these candidates, she accrues a valuable dividend of
second preferences that can strengthen her hand against the other candidates. Even if a can-
didate only wins first preferences from her core supporters, her ability to benefit from the
second preferences of voters that do not rank her first may reduce her urgency from trying to

capture these voters’ first preferences with a broad campaign.

As a consequence, we unearth broad circumstances in which RCV intensifies the candi-
dates’ incentives to target their core supporters and eschew broad campaigning strategies.
In particular, this arises in political contexts characterized either by high partisanship, or low
baseline participation in elections. Ironically, these are the contexts in which reform advocates

argue that RCV is most urgently needed.

We then turn to RCV’s impact on the alignment of electoral outcomes with voter prefer-
ences. In our model, minority candidate c is a “Condorcet loser” whenever partisanship, i.e.,
the division between majority (A and B groups) and minority (group C) is sufficiently large
(so that c is always the least preferred option of all majority voters). As Grofman and Feld
(2004) observed, RCV necessarily weakens the Condorcet loser’s victory prospects when the
candidates’ strategies (i.e., the set of alternatives) are fixed. We nonetheless show that the can-
didates” strategies under RCV can shift to an extent that the Condorcet loser enjoys a strictly

higher probability of winning, relative to plurality rule.

To understand why, recognize that under either plurality or RCV, a Condorcet loser wins
only when the majority of voters that oppose her divides between the remaining candidates.
When the majority divides under plurality, candidates draw votes (i.e., first preferences) from
one another. RCV alleviates the majority’s vote-splitting problem by allowing voters to trans-

fer their ballots via second preferences to other candidates. In fact, second preferences are
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irrelevant when the majority unites behind a single candidate. RCV therefore benefits a major-
ity of voters only if they disagree over their preferred candidate. This is the channel through

which RCV is expected to reduce the risk that a Condorcet loser wins.

For the same reason, however, RCV benefits a candidate’s election prospects only if the
majority divides. These divisions are more likely when the candidates adopt differentiated
policies. Relative to plurality, RCV therefore tends to insure candidates” electoral prospects
against the vote-splitting problem to a greater extent when they pursue policies that are less
likely to unite the majority. This can benefit a candidate’s individual election prospects, but
it may incentivize electoral strategies that divide the majority to such a degree that the Con-

dorcet loser’s victory prospects increase, relative to plurality.

Contribution. Electoral systems can be assessed according to their effect on voters, and their
effects on candidates. Existing work almost exclusively studies effects on voters, presuming
that the set of alternatives (i.e., candidates and their policies) is fixed. In that vein, existing
work highlights both experimentally (Van der Straeten et al. 2010) and computationally (Eg-
gers and Nowacki 2021) that RCV can attenuate voters’ incentives to cast strategic ballots,

relative to plurality rule.

Two papers study policy outcomes and the number of candidates under RCV in a spa-
tial model of elections: Callander (2005) and Dellis, Gauthier-Belzile and Oak (2017). Both
characterize equilibria with two candidates who locate at polarized platforms: polarization
is bounded by the threat of another candidate contesting the election at a centrist position

between the two platforms.

In a citizen-candidate framework, Dellis, Gauthier-Belzile and Oak (2017) show that this
bound is tightest under RCV. The reason is that a centrist entrant wins so long as she doesn’t
receive the least first preferences, since her centrist platform wins every voter’s second pref-
erence. Under plurality, by contrast, a centrist entrant wins only if she receives the most first
preferences. The authors conclude that RCV sustains less policy polarization than the plu-
rality rule. Callander (2005) characterizes a continuum of equilibria in his office-motivated
Downsian framework, highlighting the co-existence of equilibria with full median conver-
gence under RCV, alongside equilibria with polarized platforms. Under plurality, by contrast,

median convergence with three or more candidates cannot be supported (Cox 1987).
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Because all voters turn out and fully utilize their ballots in both papers, and because candi-
dates are differentiated solely by platforms, these frameworks do not address how candidates
use their policy commitments to mobilize core supporters versus moderates. While our three-
candidate framework abstracts from the question of how many candidates can be supported
under RCV, both Callander (2005)’s and Dellis, Gauthier-Belzile and Oak (2017)’s analysis
with endogenous candidacy highlights the stability of three-or-fewer candidate competition
under RCV. This is also consistent with evidence from real-world elections documented in
Jesse (2000) and Farrell and McAllister (2006).

2. Model

Electorate. A continuum of voters divide between a majority of mass one, and a minority of
mass v < 1. The majority-minority divide is most naturally interpreted as ideological or parti-
san, e.g., liberals versus conservatives, though it could also be an ethnic or religious cleavage.
The majority further divides into two groups: group A of mass «, and group B of mass 1 — a.

We refer to the mass v minority as group C'
Assumption1.1> v > a > .5.

While 1 > + states that the majority collectively outweighs the minority, 7 > « states that
the minority is a plurality. Without loss of generality, & > .5 captures imbalances in the size

of the majority groups A and B.

Platforms. There are two kinds of platforms: a broad policy g that gives all voters a common
benefit, and a targeted policy ¢! that only benefits voters in group I € {4, B, C}. Thus, a voter

in group I’s benefit from policy p is

1 ifp=1t
u'(p) =S u if p=yg
0 otherwise.

Assumption 2. 1 > u > o

1 > u states that a voter prefers her group’s targeted policy over the broad policy. However,



u > « implies that the broad policy generates higher (average) welfare amongst the majority

than a targeted policy, i.e., it implies that au + (1 — a)u > al.

Candidates. There are three purely office-seeking candidates: a, b, and c. Each candidate j
simultaneously chooses a policy p; € {g,t’}. Thatis: j can either offer the broad policy, or
target voters in corresponding group J. Because candidate j can exclusively target group-J
voters, we call that group her “base”. That is: group A is a’s base, group B is b’s base, and

minority group C is candidate ¢’s base.

Payoffs. 1f either majority candidate j € {a,b} wins the election with policy p;, a group-I
voter’s payoff is

UJ!—(pj’ T, 6)) - uI (pj) + T — QH{I:C}' (1)

Here, 7; is an aggregate preference shock in favor of majority candidate j. Letting 7 denote
a random variable distributed according to 7'(7) on [— %, — %} ,wesett, = Tand 7, = —7. Thus,
7 is a shock in favor of candidate a, and against candidate b. The shock captures developments
that unfold over the course of the election: for example, changes in the candidates’ reputation

after a debate, or shifts in the popularity of their distinct positions on other policy issues.

The last term —6 in (1) reflects a loss that the minority suffers whenever a candidate from
the majority wins. It could reflect partisan mis-alignment between the conservative majority

and the liberal minority in our earlier example.

Finally, if the minority candidate ¢ implements policy ¢, a group-I voter’s payoff is
ch<pca 9) = uj(pc) - QH{I:A,B}' (2)

Throughout the analysis, we assume the following preference monotonicity.
Assumption 3. 6 > &.

We later verity that this condition is necessary and sufficient for the following property: if
a majority voter prefers a over b, then she also prefers a over c. Likewise, if a majority voter
prefers b over a, then also prefers b over c. Note that the condition imposes no restriction on
a voter’s second-ranked candidate. That is, it does not rule out that a majority voter prefers

candidate c to one of the other majority candidates.



Turnout and Voting. Voters care about their participation in elections. We also assume they
rank candidates sincerely but may “abstain due to alienation’. Specifically, each voter has an
idiosyncratic reservation utility, n, uniformly distributed on [p, p + ¢~']. A voter casts a pref-
erence vote for candidate j € {a, b, ¢} in order of preference if and only if her payoff from the
candidate of U/ exceeds 7. By depressing participation, larger values of p thus reflect greater

voter apathy or disengagement.
Timing. The timing unfolds as follows.
1. The candidates simultaneously select policies.
2. Nature draws the random variable 7.
3. Voters observe the policies and 7’s realization, and make their decisions.
4. The winning candidate implements her policy, and payoffs are realized.

The solution concept is Nash Equilibrium, in which we further impose that no candidate
plays a weakly dominated strategy. We also assume that (1) ¢ < 3%2,)' (2) p < u/2, and (3)
P > Pmin = —%. Restrictions (1) and (2) ensure interior voter turnout from all groups,
and (3) ensures that candidate ¢ wins with positive probability under at least one strategy
profile under both systems. We further impose indifference and tie-breaking rules that entail

no loss of generality.”

Interpreting the Modeling Framework

We briefly discuss some of our modeling assumptions.

Divided Majority. Our restrictions on preferences result in a form of ‘Divided Majority” setting,
with the novelty that the candidates in our setting strategically choose platforms, rather than
representing a fixed position as in existing models. While our preference restrictions serve

primarily to facilitate analysis, they serve substantively important purposes.

5For any group-/ voter with reservation utility 7: if U = r, the voter abstains from rank-
ing the candidate; if U] = U/ > r, and I € {A, C}, the voter ranks a ahead of b; otherwise,
she ranks b ahead of ¢; if U] = U! for j € {a,b}, and I € {A, B}, the voter ranks j ahead of
c; otherwise, she ranks c ahead of j. Any ties are resolved in alphabetical order: in favor of
candidate «, followed by b, followed by c.



First, the Divided Majority setting is central to positive and normative analyses of election
systems—famously, Borda (1781) and Condorcet (1785), but also in contemporary work by
Myerson and Weber (1993), Piketty (2000), Martinelli (2002), Dewan and Myatt (2007), and
Myatt (2007). Bouton and Gratton (2015) nest the divided majority in a general set of voter
preferences. In addition to the novelty of endogenizing the set of alternatives, our preference
restrictions are weaker than almost all existing models in that we do not assume that voters
in the majority like candidate c the least. On the contrary, our assumptions allow minority

candidate c to choose policies that secure some majority voters” second preferences.

Second, our setting matches many real-world elections. The papers cited offer an abun-
dance of historical examples, but Alaska’s August 2022 special congressional election also fits.
Presuming—as we do—that voters’ ballots reflect their sincere preference orders, a majority
of voters favored a Republican: 31% of ballots ranked Palin (R) first, 29% ranked Begich (R)
first, and 40% ranked Peltola (D) first; further analysis of second preferences concludes that
Begich was the Condorcet winner. Nonetheless, vote-splitting and ballot exhaustion amongst

Republicans likely facilitated Peltola’s victory despite RCV’s potential benefits.

Third, arguments about RCV’s benefits over plurality seem especially compelling in a
divided majority context. In the absence of preference cycles, second preferences matter—
and only matter—when a group of voters that are collectively a majority divide over which
candidate they like the most, therefore creating the risk of electing the minority-preferred
candidate. Because broad platforms help any candidate (including minority c¢) win second
preferences even from voters that do not like her the most, they should be particularly attrac-
tive under RCV.

Voting Behavior. We assume voters cast their ballots sincerely. Eggers and Nowacki (2021)
highlight the complexity of strategic voting incentives under RCV; indeed, there is presently
no game-theoretic formulation. Sincere voting yields necessary tractability to maintain our

on strategic candidates.

We also assume that voters can abstain both from turning out, and from fully utilizing
their ballots. Turnout is a critical margin in real-world elections (Hall 2015). Under plurality
rule, the ‘reservation utility” could be interpreted as cost of voting, as in models that share

our perspective that voters abstain due to alienation, such as Hinich, Ledyard and Ordeshook
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(1972), Callander and Wilson (2007), and Zakharov (2008). Under RCV, of course, there is no
marginal cost of ranking additional candidates. Nonetheless, many voters do not fully utilize
their ballots. For example, in our own exit poll of New York voters during the 2021 Demo-
cratic primary, 52% of voters reported that they did not rank every candidate. Of those voters
that ranked only one candidate, 67% reported the reason was “that was the only candidate I

liked”. This is precisely the behavior our voting heuristic captures.

3. Plurality Rule

Under plurality rule, voters that turn out can express a single preference for their most
preferred candidate. Two preliminary lemmas simplify our analysis. The first lemma follows
from our preference monotonicity restriction in Assumption 3 that 6 > u/2, and it applies

under both plurality and RCV.

Lemma 1. For any p = (pa, s, pc): if a group-1 € {A, B} voter prefers candidate a to candidate b,

then she also prefers a to c; likewise, if she prefers b to a, then she also prefers b to c.

This lemma implies that minority candidate c is never the most preferred candidate of
any voter in group A or B. This means that regardless of her policy choice, candidate ¢ wins
tirst preferences only from her core supporters in the minority group C. Our second lemma
follows from the first: since she cannot appeal to majority voters, the broad policy cannot

improve c’s electoral chances.

Lemma 2. Under plurality rule, candidate c always weakly prefers p. = t°.

Henceforth, we indeed presume that candidate c targets her core supporters with policy
t¢. Later, we verify that this must be true in equilibrium. Under this strategy, minority ¢ gives
a value of 1 to a mass y of voters in the minority. Since she is consequently always a minority
voter’s most preferred candidate, any such voter with a reservation utility < 1 turns out to

support her.® Recalling that 7 is uniformly distributed on [p, p + ¢~!], ¢’s total first preferences

For any p, € {g,t*}and 7 € [ - 1,1], US(t°,0) > US(pa, 7,0) if 1 > u+ § — 0, which is
true since u < 1. The reader can verify similarly that for any p, € {g,t°} and 7 € [ — 3, 3],

UC(t%,0) > UE (py,7,0). Thus, voters in minority group C prefer ¢ over each of a and b for

any aggregate shock realization.
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under plurality are therefore y¢(1 — p).

We turn to the behavior of majority voters and majority candidates. A group-I € {A, B}
voter prefers a over b if and only if the shock is sufficiently favorable to her:
u[(pb) — ul(pa)

uI(pa) +7> ul(pb) —T = T > 5 = chb(pa,pb). 3)

Further, a group-I € {4, B} voter who prefers a turns out if and only if her value from «
exceeds her idiosyncratic reservation utility, . Lemma 1 yields candidate a’s total first pref-

erences, and thus her total votes under plurality rule:

0 T < 725(Da; Db)
C _
Ug(ptupbat 7T) - qub(uA(pa) +7— p) T € [Tcﬁ)(pa7pb)7 T(ﬁ)(paapb)) (4)

adu’(pa) + (1 = a)gu(pa) + (1 = p) 7 = 753(pa, o).
We similarly obtain b’s total first preferences:
agu(p) + (1 = a)gu®(pp) = &(7 +p) 7 < 743 (pas 1)

Ulj)c(pa,pba tca T) = (1 - Oé)¢(UB(pb) — T — p) TE [T(;Ll‘;(paapb)a Tﬁ;(pmpb)) (5)

0 T > T(gz(paapb)-

Given platforms p, and py, and ¢’s platform t©, we can define a critical realization of the
aggregate shock that determines whether candidate j € {a, b}’s first preferences exceed ¢’s

tirst preferences.

Tglcu(ptmpba tc) = inf{T : Ug(paapb7tc7 T) 2 Wb(l - p)} (6)

Tll;fu(pcwpba tC) = Sup{T . Ul]:(paaplntca T) S 7@25(1 - p)} (7)

Candidate a wins more first preferences than ¢ whenever 7 > Tl (Pa, Py, t¢), and b wins

more first preferences than c whenever 7 < T}fjfu (Pa> Db, t¢). We can also define the critical shock
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realization above which a’s first preferences exceed b’s:

Tab(pmpb) = inf{T : vcjlc(paapb?tC?T) 2 Ul]:(pmpba tca T)} (8)

Under the supposition that c targets her base, a pair of mutual (pure strategy) best responses

for a and b under plurality is therefore p* = (p, p;) such that

pi, = argmin {max{7f, (pa. i, ), 7 (90, 27)} | ©)

P = argmax { min{7lf, (0%, py, 1), 7 (0}, pb)}} : (10)

In words: candidate a wins if and only if preference shock 7 exceeds the largest of two thresh-
olds: one corresponds to winning enough first preferences to defeat b and the other corre-
sponds to winning enough first preferences to defeat c. So, a’s objective is to weaken the
most demanding of these two thresholds. The interpretation of ’s objective is similar. A pair
=¢C¢

(pk,p;) satistying (9) and (10), together with p. , is a Nash equilibrium.

It turns out that candidate j € {a, b}’s binding constraint is always to defeat ¢, and thus (9)

and (10) can be simplified.

Lemma 3. When p, = t, for any (p,,py): if and only if majority candidate j € {a,b}’s first prefer-

ences exceed c’s, then candidate j wins under plurality rule.

The reason is that candidate ¢’s base of mass ~y exceeds either a’s or b’s base (mass a < ~
and 1 — o < a, respectively), and c offers her core supporters their highest possible policy

payoff of 1. We can therefore simplify conditions (9) and (10):
* : ac * C . * be * C
Pa = argmin 7o, (pa, ph, 1) 5 P = argmax mpiy (g, Py, £°)-

We start by analyzing conditions for a ‘broad” equilibrium in which both majority candi-
dates offer the broad policy g. Under that strategy, majority voters are indifferent between
candidates a and b on policy grounds, since both candidates offer every voter the same policy
payoff of u. Majority voters’ first preferences therefore resolve on the aggregate shock, 7; if

the shock is positive they unanimously favor a and if the shock is negative they unanimously
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p(u+7t—p)
\—;
yo(1 —p) ——
0 i T
0 Yy —u+p(l-y)

Figure 1 — Candidate a’s total first preferences v!(g, g,t%, ), and their intersection with
c’s first preferences of yo(1 — p).

favor b:

m4(9,9) =75(g,9) = 0.

So, a’s first preferences at this policy profile are:

0 ifr<0

tC

,ch:(g’g’ 77—): Oégb(U-FT-p) ifr=0 (11)

adlu+71—p)+ (1 —a)plut+1—p) (=du+7—p) ifT>0.
Figure 1 plots expression (11): it shows that a wins more votes than c—and therefore the

election—if and only if a’s combined support from the majority exceeds ¢’s support from the

minority:
d(u+7—p) >0l —p) <=7 >max{0,y —u+p(l —7)} = 75(9,9,1). (12)

The requisite threshold increases as minority group-C’s mass v increases, and decreases as
majority voters’ common benefit from the broad policy u increases. This reflects that higher u
raises majority voters’ value from the broad policy, and their turnout increases with the value

they get from their preferred candidate.

Recall that reservation utility 7 is uniformly distributed on [p, p + ¢~'], with p capturing

voter apathy. Apathy lowers voter turnout in both the majority and the minority—in Figure 1,
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larger p lowers both the blue and black lines. However, since the decrease in the candidates’
turnout is proportional to the mass of voters that like her the most, higher apathy reduces a’s
turnout from the united majority (proportional to 1) relatively more than ¢’s turnout from the
minority (proportional to ). Hence, higher apathy p raises threshold 7. (¢, 9, t%) defined in
(12) by 1 —~. With reference to Figure 1, this means that the blue line falls faster than the black
line as p increases. Thus, more apathy in the electorate reduces advantages stemming from

winning support from a larger block of voters.

Suppose, alternatively, that candidate a targets her core supporters with policy ¢4. This
means that she gives a policy payoff of 1 to group-A voters, and zero to group-B voters, while
candidate b’s broad strategy gives u to all voters. As a consequence, the majority divides for

intermediate preference shocks:

u—1
2 )

A, g) = TB(tA, g) = <.

\)

Candidate a’s total first preferences—highlighted by the red line in Figure 2—are therefore

0 ifT<“T_1
vg(tA7g,tcr) =y ao(l+7—p) ifuT—l <7<t
pa(l+7—p)+o(1—a)0+7—p) (=dla+7—p)) ifs<r
(13)

Depending on primitives, candidate a either defeats ¢ for 7 € [(u—1)/2, u/2] where the ma-
jority divides, or instead defeats c for 7 > u/2 for which the majority unites behind a. Using

the Figure, we infer that ¢ wins more votes than c—and therefore the election—if and only if

va(th, 9.t 7) 2 79(1 — p)
. T u — ac (1A C
<= T 2 min {T(l - p)vmaX{§77 —a+ p(]- - 7)}} = plu(t 19,5t ) (14)
So, given that b pursues a broad policy, candidate ¢ maximizes her probability of election by

campaigning broadly if and only if threshold 7% (t*, g,t“) defined in (14) is weakly larger

plu
than threshold 7 (g, g, t“) defined in (12).
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To understand when this condition holds, consider Figure 3, which presumes that c targets
her base, and b pursues a broad campaign. The blue line plots a’s first preferences when she
campaigns broadly, i.e., it plots in blue expression (11); the red line plots a’s first preferences
when she instead targets her base, i.e., it plots in red expression (13). For very favorable shock
realizations 7 > u/2, the figure highlights that a unites the majority regardless of her strategy,

but nonetheless secures higher overall turnout by pursuing a broad policy. The reason is that,

ap(1+1t—p)+ A —a)p(0+7—p)

71 —p) :
y¢(1 —p) "
WAHT-DL 5y
0 — i u= T
2 B 2
y—(l—p)

Figure 2 — Candidate a’s total first preferences v/ (¢4, g,t“, 7), and their intersection with
c’s first preferences for low (7y) versus high (7) sizes of ¢’s base.

+ —

Yol —p)
a¢(1+1"-p)f”///

u;1 ’_T u T
2 2
Yy —u+p(1l-y)

Figure 3 — Comparing a’s total first preferences v/ (p,, g,t°, 1) for p, = t* (red) and p, = ¢
(blue).
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for these shock realizations, candidate a’s total turnout is:

ap(u(pa) +7 = p) + (1 = a)p(u(pa) + 7 = p) ox au’ (pa) + (1 = a)u”(pa) +7 = p,

~
average majority welfare from p,

and Assumption 2 that © > « implies that the broad policy maximizes majority welfare. In
fact, for the parameters used in that example, @ wins more votes under plurality for any pos-
itive shock realization 7 > 0. This raises the question: are there any circumstances in which a

would prefer to target her core supporters?

The answer is yes. To see why, recall that higher apathy—reflected in higher p—lowers
each candidate’s vote share in proportion to the size of the voting bloc that supports her. This

has two consequences.

First, majority candidate a’s electoral advantage over minority candidate c when she unites
the majority—increasing in the difference 1 — y—decreases with more apathy. The figure high-
lights the threshold above which a defeats ¢ with the support of the majority: 77 (g, 9, t%) =
v —u+ p(1 — ) increases in p. So, higher p effectively makes the blue line in Figure 3 fall faster
than the black line.

Second, majority candidate a’s disadvantage relative to candidate c in the event that a only
wins votes from her core supporters—increasing in the difference v — a—ualso decreases with
more apathy. The figure highlights the threshold above which a defeats ¢ with the support
of just her base: 75 (t",9,t“) = =%(1 — p) decreases in p. Higher p makes the intermediate
segment of Figure 3’s red line fall slower than the black line.

The left-hand side of Figure 4 reproduces Figure 3: in low-apathy contexts, a is better-off
marshaling the support of a united majority than trying to defeat minority ¢’s larger base by

turning out her own. The right-hand side nonetheless illustrates that in high-apathy contexts

a’s trade-off shifts in favor a targeted strategy. Indeed, comparison of (12) and (14) yields

Tt 9,t9) > 15 (g,9,17) = p<1—— = 7. (15)

It is easy to verify that whenever advantaged a prefers a broad strategy, so does b. We there-

fore have our first result.
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(a) low apathy: p small (b) high apathy: p large

pu+1t-p)
yp(1 - p) / ¢(U+T—V

E

| 1-
a¢(1+r—p)/ i | y—a e 2
I i C) @WAFTT=P) iy —utpliy)
. Y . L .
u—1 ,_f u T u—1 rf u
2 y—u+tp(l-y) * 2y g
y—u+p(l-y Y&,

a

Figure 4 — Incentives to target the base under plurality rule, for low versus high apathy.
Parameters: u = v = .6.

Proposition 1. Under plurality, there exists an equilibrium in which both majority candidates offer

the broad policy if and only if p < p.

In high-apathy contexts p > p, the majority candidates do not converge on the broad strat-
egy. In fact, advantaged majority candidate a always targets her core supporters with policy
t4. Candidate b’s strategy depends on her core supporters’ size of 1 — a versus a’s core sup-
porters of mass a > 1/2. If a is large, meaning that group B of mass 1 — « is very small,
candidate b maintains the broad strategy: she cannot hope to defeat minority c¢ simply by
relying on the support of her own base, group B. If, instead, « is close enough to one half,
meaning that the majority is evenly divided between groups A and B, then candidate b also

reverts to targeting her base.

Proposition 2. There exists o™ such that if and only if p > p and o > o™, the unique equilibrium

under plurality is (t*, g, t). Whenever a < o™, (t4, 18 ) is an equilibrium.

Figure 5 identifies the equilibria characterized in Propositions 1 and 2 for different pairs (p, «).

The following remark clarifies the scope for multiplicity.7

"The proof of this remark verifies that at most one other pure strategy equilibrium can
exist, in which p, = p, = p. = ¢. This equilibrium can be sustained only for parameters

such that candidate c loses with probability one regardless of her campaigning strategy when
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(4, g,t%)

a (9,9.t%

J—(tA, tB, tC)

-

(9,9,t)
(t4,¢8,t%)

p

Figure 5 — Equilibria under plurality rule. Parameters: v = v = .6.

Remark 1. Under plurality,
(1) every pure strategy equilibrium is outcome-equivalent to an equilibrium characterized in Proposi-
tions 1 or 2;

(2) a unique pure strategy equilibrium is the unique equilibrium.

Figure 5 highlights that for some parameters, (g, g, %) and (t*,t5,t°) can be sustained as
equilibria. The logic is as follows: if candidate a targets voters in group A, she makes it harder
for candidate b to contest group-A votes; even if b pursues a broad campaign voters in group
A prefer b only for shock realizations that are very unfavorable to a, and therefore relatively

unlikely. This encourages b to instead focus on mobilizing her own base.

When these equilibria co-exist, they can be ranked in a strong sense: average welfare is
strictly higher in the (g, g, t“) equilibrium than the (¢4, ¢5,t¢) equilibrium, and both majority
candidates enjoy a strictly higher probability of winning in the (g, g, t“) equilibrium than the

(t*,tP,1%) equilibrium.

Pa = pp = g, 1., for p < E Since g < p, this equilibrium is outcome-equivalent to the
equilibrium characterized in Proposition 1.
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Proposition 3. Under plurality, when o < o™ and p < p each majority candidate j € {a,b}’s prob-

ability of winning is strictly lower in the (t4,¢5tC) equilibrium than in the (g, g, t%) equilibrium.

For these primitives, the (¢4, t”) equilibrium therefore represents a classic coordination
trap that is bad for both voters and the majority candidates. Nonetheless a divergent equilib-
rium is not always a coordination trap: as the Figure highlights, when p > pand a < aP a

divergent equilibrium is the unique equilibrium.

To summarize: if the electorate is not too apathetic, a convergent equilibrium exists in which
both candidates pursue broad electoral strategies. Otherwise, the majority candidate with the
larger base targets it. In that case, candidate b maintains a broad strategy if the imbalance
within the majority is large; otherwise, she also reverts to a base strategy. Finally, even when
voters are not too apathetic, the candidates may face a coordination trap: when imbalances in

group size amongst the majority aren’t too large, convergent and divergent equilibria co-exist.

4. Ranked Choice Voting

Under ranked choice voting (RCV), voters that turn out can express as many preferences
as they want. A group-/ voter turns out and assigns preferences to any candidate j whose

value to that voter U/ exceeds that voter’s idiosyncratic reservation utility of 7.

The candidates’ first preferences as a function of their campaigning strategies are the same
under RCV as they were under plurality. Under RCV, however, a candidate might addition-
ally win some second preferences from voters that do not rank her first.®> Regardless of which

candidate they like the most, group-/ € {A, B} voters prefer a over ¢ so long as
u (po) +7 > ul(pe) —0 <= 7> (p.) — v (pa) — 0 = 7.(pa, pe)- (16)
Likewise, group-/ € {A, B} voters prefer b over c if:

ul(py) — 7 > u'(pe) — 0 <= 7 < ul(py) —u' (pe) + 0 = 7L (ps, pe). (17)

8 OQur analysis accounts for the fact that our assumption p < u/2 implies that each group
casts a positive fraction of first preferences, but does not ensure that each group casts a

positive fraction of second preferences.
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Finally, group-C voters prefer a over b if and only if

u (py) — u”(pa)
2

uc(pa)+7—9 > uc(pb) —T—0 = 7> ETg)(pa,pb).

and candidate c over a and b if and only if, respectively,

u(pa) +7 =0 < u(p.) =1 <u(pe) —uC(Pa) + 0 = 75(Da, Pv);

uc(pb) —7—0> uc(pc) = T> uc(pc) — uc(pa) + 0= Tlg(pa,pb).

Given a profile p = (pa, py, p.), candidate a’s total second preferences are therefore:’

vi(p,7) = agmax{0,u’(p,) + 7 — p{7ie(Pa, Pe) < T < T (Par 1)}
+(1 = @) max{0,u” (pa) + 7 — PY{7L(Pas Pe) < T < 70 (PasPb))}

+ypmax{0,u (pa) + 7 — 0 — {75 (pa, y) < 7 < Toe(pas pe) }-

Similarly, b’s second preferences are

vy (p, 7) = apmax{0,u’ (py) — 7 — pH{7L (Pa, pb) < T < TPy, Pe) }
+(1 — a)¢pmax{0,u”(py) — 7 — P}L{7 (P, P6) < T < T (D1, Pe) }

+ypmax{0,u” (py) — 7 — 0 — pY{ 15 (pp, D) < T < 7% (Day ) }-

Finally, ¢’s second preferences are

Ui(pa 7_) = Ong maX{Ov U'A(pC) —0— p}H{T > ng(pbvpc) or7 < Tc;i(pmpC)}
+(1 — a)pmax{0,u”(p.) — 0 — p}I{T > 70 (pp, pc) OF T < 7,2 (Pas Pe) }

+7v¢ max{0, uc(pc) — pH{r > T(g(pa,pc) ort < TbCC(pb,pc)}.

(18)

(19)
(20)

(21)

(22)

(23)

We begin by conjecturing that candidate c targets her base with policy ¢“. Recall that under

?To derive these expressions, recognize (i) that for any (pa, py, pe), T (Db Pe) < T%(Pas Db) <

7 (pa, pe), and (ii) that Lemma 1 implies for each I € {A, B} and any p = (p,,ps, p.) that

TbIc(pb;pc) > Tc{b(pmpb) > Tz{c<paapc)-
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plurality, this was ¢’s weakly dominant strategy: candidate c cannot win the first preference of
any voter outside of her base, and therefore cannot gain votes by appealing to majority voters
with a broad policy. Under RCV, however, candidate c might want to campaign broadly in the
hopes of winning second preferences from voters in either majority group A or B. We return

to this consideration below.

When p, = t¢, candidate a’s first preferences are still given by expression (4), b’s are still
given by expression (5), and ¢’s total first preferences are y¢(1 — p). The second preferences
of minority group C' voters therefore play no role, since candidate c either wins the most or
second-highest first preferences (Lemma 3). For any pair (p,, p»), we can define a critical real-
ization of the aggregate shock that determines whether candidate j € {a,b}’s sum of first and

second preferences exceed ¢’s total first and second preferences:

a’s 2" preferences ¢’s 2" preferences

e e e e
Tr?zsl(paapbatc) = inf{T : Ug(pavpba tca T) + UZ(paapbatca 7-) 2 7¢(1 - p) + Ui(pmpbatca T)} (24)

TI{)CCv(paupbvtc) = Sup{T : U{(pmpb; tC7T) + Ulf(paupb7tc77—) S 7(;5(1 - p) + Ug(pa7pb7tc77-)}' (25)
—_——

b’s 2" preferences

A pair of mutual best responses (p?, p;) to ¢’s strategy of p. = t¢ satisfies
i = axgmin {max{ (pas ). 7 (pas i) ) 26)
py = arg max { min{r& (95, po, 1), 7 (05 o) (27)

In words: candidate a’s objective is to weaken the most stringent of two conditions: winning
enough first preferences to defeat b and winning enough first and second preferences to defeat

c. The interpretation of b’s objective is similar.

Our analysis proceeds by verifying mutual best responses p;; and p; to candidate ¢’s strat-
egy; then, we verify that candidate ¢’s strategy of targeting her base with policy p. = t“ is a

best response to these choices by candidates a and b.
Objectives (26) and (27) embody key facts about RCV:

(1) Winning voters’ second preferences may be valuable.
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(2) Winning voters’ first preferences may not be necessary to benefit from their support.

These facts are used to support the argument that RCV should incentivize a broad campaign-
ing strategy. Our paper’s insight is that these facts need not incentivize a broad strategy: they

may in fact intensify a candidate’s incentives to pursue a targeted campaign.

Recall from our earlier analysis that the majority never divides on first preferences when
a and b converge on the broad strategy: p, = p, = g. Because the majority never divides,
their second preferences play no role in the election outcome. Thus, ¢ wins under exactly the
same conditions as plurality: if and only if her combined support from the majority exceeds

c’s total first preferences from minority voters:

Pu+7—p)>79(1 —p) <= 7>max{0,y —u+p(l-7)}

Suppose, however, that candidate a unilaterally reverts to targeting her core supporters with
policy p, = t4, when candidate b pursues a broad strategy p, = g. As in plurality, majority vot-
ers divide on first preferences whenever 7 € [(u—1)/2,u/2|, and a’s first preferences are given
by vf(t4, g,t97) in expression (13) and highlighted in Figure 2. When the majority divides,
candidate a’s first preferences are a¢(1 + 7 — p), while b’s are (1 — a)¢p(u — 7 — p). Candidate a
therefore wins more first preferences than candidate b for whenever she is preferred by group-
Avoters. The reasons are two-fold: advantaged a’s base of size « is larger than b’s base of mass

1 — o, and a’s base strategy better-mobilizes her core supporters than b’s broad strategy.

So, when p, = t4, p, = g and p. = t¢

, candidate b wins the fewest first preferences and
is eliminated in the first round of vote counting whenever 7 > (u — 1)/2. What are a’s sec-
ond preferences in that context?'’ Using expression (17), recognize that group-B voters pre-
fer a to ¢ whenever 7 > 7B(#4,t“) = —0. Since §# > u/2 and u > 1/2, we therefore have
B (t4,t%) < (u—1)/2. In words: as a consequence of ¢’s choice to target her core supporters, a
is assured that group-B voters prefer a to c whenever preference shock 7 is favorable enough

that a defeats b with first preferences.

Figure 6 shows candidate a’s first (thick red) and second (dashed red) preferences at the

10Qur analysis allows for the possibility that a candidate could win a majority of prefer-

ences in the first round and thus second preferences play no role in the election’s outcomes.
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profile (pa,pp,p.) = (t4,g,tP). It further shows candidate a’s total first (blue) and second
(dashed blue) preferences at the profile (g, g). The Figure highlights that candidate a’s total

first and second preferences under the strategy (%, g,t“) exceed ¢’s whenever:

ag(l+7—p)+ (1 —a)pmin{0,7 — p} > vp(1 — p)

: T a ac
<= T > min {W—Ck—i-p(l—’y), o (1_0)} ETrCV(tA>g>tC)'

Notice that, in the example, candidate ¢ maximizes her sum of first and second preferences
by pursuing a broad strategy. The intuition is the same as under plurality: u > « implies that
it is easier for a to mobilize turnout amongst a unified majority with a broad campaign than

with one that is exclusively targeted to her core supporters.

Nonetheless, a benefits from second preferences under RCV only if she wins more first
preferences than b. Figure 6 highlights that whenever 7 € [(u—1)/2, 0], candidate a wins more
tirst preferences than candidate b when she pursues a targeted strategy, but wins fewer first

preferences than b when she pursues a broad strategy . So, despite winning fewer total first

¢u+7—p)
I—¢

y—u+p(l-y)
=
-0 u—1 0

u
2y—a+p(l-y) *?

Figure 6 — Majority candidate a’s first (thick red) and second preferences (dashed red) at
the profile (¢4, g, t“) and her first (thick blue) and second preferences (dashed blue) at the
profile (g, g,t). The black line is candidate ¢’s total first and second preferences.
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and second preferences by targeting her base, the second preferences are more valuable to a

when she differentiates from b than they are when she campaigns broadly.

We conclude that a wins the election under RCV when p = (4, g, t) if and only if she wins

more first preferences than b and also wins more combined first and second preferences than c:

DA g), Tt g,t9)}

zmaX{u;1,min{7—a+p(1—7%%(1—/))}}'

T > max{T

Our next proposition shows that RCV intensifies a’s incentive to revert to her base even
in high-apathy settings where plurality yields convergence. It also shows that RCV cannot
sustain convergence in low-apathy environments. Recall that p =1 — ﬁl_T“ is the threshold
degree of apathy such that, under plurality, broad campaigning strategies by the majority can
be sustained if and only if p < p. Define p = %

Proposition 4. Under RCV, an equilibrium exists in which both majority candidates offer the broad

policy if and only if p < p < 'p. In this equilibrium, candidate c targets her core supporters.

Recall that under plurality, broad campaigning strategies by the majority could not be sus-
tained in relatively high-apathy environments, i.e., p > p. The reason was that both majority
candidates gambled on winning enough first preferences solely from their core supporters to
defeat c outright. The possibility of winning second preferences under RCV does not impact

this incentive, and thus RCV cannot abate the candidates” incentives in these contexts.

The proposition also states that broad convergence fails in low-apathy contexts where it
can be sustained under plurality. Why? Recall that higher apathy reduces average partici-
pation, and therefore reduces group size advantages. Conversely, lower apathy—i.e., lower

p—generates higher baseline participation across all groups. This

(1) increases the majority’s size advantage over the minority of 1 — v > 0, and

(2) increases the minority’s size advantage over a’s core supporters of v — a > 0.

Under plurality, both effects encourage a to pursue a united majority with a broad strategy,

instead of focusing exclusively on her core supporters. Higher baseline turnout has one final
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consequence that is only relevant under RCV: it
(3) increases the size advantage of a’s base over b’s base of @ — (1 — «) > 0.

Recall that defeating b yields no direct benefit under plurality, since candidate a’s relevant
pairwise contest is with ¢ (Lemma 3). Under RCV, by contrast, defeating b generates a second
preference dividend, which effectively lends a the benefit of a united majority—i.e., the bene-
tit described in point (1), above. This benefit accrues in spite of the fact that the majority’s first

preferences divide between candidates a and b. It accrues solely under RCV, and not plurality.

We conclude that larger baseline participation and engagement discourage a base strategy

under plurality, but encourages it under RCV.

These observations underlie the comparison of plurality versus RCV that is the main mes-
sage of our paper. Under plurality, candidates who tend to appeal to similar groups in the
electorate draw votes from one another when their voters disagree about who to rank first.
RCV makes vote-splitting less costly by allowing voters to express more preferences. The abil-
ity to express more preferences implicitly solves the voters’ coordination problem that exists
if the majority divides. Nonetheless, the vote-splitting problem only arises when the majority
divides, and the majority is prone to divide when the candidates offer distinct policies. Since
RCV’s benefit to candidates accrues when their voters divide, it provides comparatively less

discipline against electoral strategies that generate division.

Simply because second preferences are valuable does not imply that candidates choose
policies to maximize them. Second preferences are only valuable from voters who ranked
some other candidate first, and whose most-preferred candidate has already been eliminated

from the contest.

Figure 6 and the accompanying discussion starkly illustrate this point. They show how
RCV changes a candidate’s value from winning first preferences. Under plurality, she needs
more first preferences than every other candidate. Under RCV, her an alternative path to victory
may be to securing more first preferences than other candidates whose voters are likely to rank
her second. When this path calls on a candidate to differentiate from those candidates, we may

observe policy divergence under RCV in contexts where plurality guarantees convergence.
Corollary 1. If broad strategies by candidates a and b can be supported in an equilibrium under RCV,
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then they can also be supported in an equilibrium under plurality. The reverse is not true.

What else can happen under RCV? The answer depends on the degree of majority-minority

mis-alignment, captured by the parameter 0.

Large polarization. When 6 > (u + 1)/2, advantaged majority candidate a always targets her
base in sufficiently low- or high-apathy contexts, i.e., if p < p or p > p. As under plurality rule,
candidate b’s incentives depend on the extent of her own core supporters’ size disadvantage
relative to a’s core supporters. When a’s core supporters are a large share o > .5 of the ma-
jority, b’s best path to victory remains a broad strategy that maximizes her chances of uniting
and turning out the majority. If, instead, « is close enough to one half, b’s responds to a’s base
strategy in kind. Under RCV, b’s incentive to revert to her base is again stronger than plurality,

since she wins support from group-A voters even without securing their first preferences.

Proposition 5. When polarization is large, i.e., 6 > (u + 1)/2, there exists o' > o™ such that:
(1) if and only if & > o' and either p < p or p > p, (t*, g,t%) is an equilibrium and

(2) whenever o < o', (t4,¢8 t€) is an equilibrium.

Figure 7 illustrates the equilibria for different pairs (p, o) under plurality (left-hand panel)
versus RCV (right-hand panel). Note that in large polarization contexts, Propositions 4 and
5 characterize the complete set of pure strategy equilibria (imposing that ¢ does not play a
weakly dominated strategy), and a unique pure strategy equilibrium is also the unique Nash

equilibrium.

Since o™ > oP™ (with strict inequality for some primitives), we obtain a partial converse

to Corollary 1.

Corollary 2. If polarization is large: when plurality rule supports an equilibrium in which every

candidate targets her base, then so too does RCV, but the reverse is not true.

Figure 7 also highlights that multiplicity can arise under qualitatively similar circum-
stances to plurality. This multiplicity again reflects a coordination trap: each candidate a’s and

b's probability of winning is strictly lower in the (t4,¢#,¢“) equilibrium than in the (g, g, t)
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Plurality Ranked Choice Voting

(4, g,t%)

a (grgvtc) a —(g,g,tc)

J— (tA,tB,tC) J—(tA,tB,fC)

(9,9,t%
(t4,t5,t9)

-

(9,9.t%)
(t4,t8,t)

P P

Figure 7 — Comparing equilibria under plurality and RCV for benchmark parameters for
high polarization, § > “+1. The left-hand panel corresponds to plurality rule, and replicates
Figure 5. The right-hand panel shows the corresponding equilibrium set under RCV.
Parameters: u = .6 and v = .6.

equilibrium, and voters are also (on average) strictly worse off. In the Figure, RCV both exac-
erbates the candidates’ coordination trap relative to plurality and increases the circumstances

in which every candidate targets their base in the unique equilibrium.

Low Polarization. The significance of large polarization § > (u + 1)/2 in our previous re-
sult lies exclusively with candidate c’s incentives. When c targets her base, she foregoes any
prospect of winning second preferences from majority voters, regardless of the majority can-
didates” strategies. Candidate c’s targeted campaign therefore exerts no discipline on the
strategies of the majority candidates a and b. High polarization further implies that c fails to
win second preferences from majority voters even when she pursues a broad campaign. This
implies that her dominant strategy is to target her base. With lower polarization (i.e., f small)
candidate ¢ can win second preferences from some majority voters if she reverts to a broad

campaign. Nonetheless, our previous results extend in high-apathy contexts.

Proposition 6. Forall § > u/2,
(D if p>pand a < o™, (t4,t8 1) is an equilibrium, and

(2)if p>pand a > o™ (14, g,t¢) is an equilibrium.

In words: in high-apathy environments, when plurality rule supports an equilibrium in

which every candidate targets her base, so does RCV, but the reverse is not true. To under-
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stand why, suppose candidates a and b target their bases with policies ¢ and 7, respectively.
By pursuing a broad campaign, candidate c wins second preferences from voters in the major-
ity groups A (if 7 > 0 — u) and B (if 7 < u — 6). These second preferences convey no electoral
benefit under plurality, but under RCV they may tilt the election in ¢’s favor simply by deny-
ing those second preferences to either candidates a or b. Why, then, doesn’t ¢ pursue them? If
c reverts from targeting her base to a broad campaigning strategy she sacrifices turnout from
her core supporters. In high-apathy contexts, mobilization is the critical margin: candidate c’s
loss in turnout from her own base more than offsets her benefit from any second preferences

she receives from majority voters.

Together, Propositions 5 and 6 establish that in political environments characterized either
by relatively high polarization, or by relatively large apathy and therefore low participation,

RCV always encourages candidate to target their bases to a greater extent than under plurality.

Consider, finally, contexts characterized by both low polarization and relatively high lev-
els of average participation, i.e., § small and p < p. Plurality always sustains an equilibrium
in which the majority candidates campaign broadly (Proposition 1), but may also support an
equilibrium in which every candidate targets her base when « is small enough (Proposition 2).
So, these are contexts in which candidates under plurality may face a coordination problem.
In the Appendix, we show that RCV may not support an equilibrium in which every candi-
date targets her base. The reason is that in high-participation and low-polarization contexts,
c may find it valuable to court second preferences from majority voters by way of a broad
strategy. So, while RCV still cannot induce the majority candidates to campaign broadly in
situations where plurality also cannot (that is, Corollary 1 extends), it may not lead every

candidate to target her base when plurality does—that is, Corollary 2 may not extend.

Taking everything together, in this model RCV (i) encourages candidates to target their
bases and (i) discourages them from pursuing platforms with broad appeal unless apathy and
polarization are both low, in which cases broad campaigning is always an equilibrium under

plurality (and so the only margin of improvement is eliminating equilibrium multiplicity).
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5. Preference Alignment

We now ask whether RCV better necessarily aligns electoral outcomes with voters” pref-

erences to a greater extent than plurality.

Recall that a Condorcet Winner is a candidate that defeats every other candidate in pairwise
majority voting. We cannot define an ex-ante Condorcet Winner in our framework because
that candidate’s identity depends on her (endogenous) campaigning strategy. However, we
can define a related concept of a Condorcet Loser. A Condorcet loser is a candidate that is de-
teated by any other candidate in pairwise majority voting. By definition, a Condorcet loser
cannot win a two-candidate contest, but may prevail in a multi-candidate election due to

vote-splitting.

In our framework, candidate c is an ex-ante Condorcet loser so long as 6 is sufficiently
large: in particular, when 6 > 1 every voter in the majority likes candidate c the least regard-
less of the preference shock 7’s realization, and regardless of the candidates” campaigning
strategies. Recall that for some parameters we may have multiple equilibria under both sys-
tems. Focusing on primitives for which there is a unique equilibrium under both systems, the
next result identifies conditions under which RCV increases a Condorcet loser’s probability of

winning the election, relative to plurality.

Proposition 7. Suppose § > 1, so that candidate c is a Condorcet Loser. Then, c’s probability of win-
ning is lower under RCV than plurality if p > p, but higher under RCV than plurality if p < p and

a > o,

Depending on parameters, the orderings may be weak or strict. Recognize that for fixed
strategies, RCV always (weakly) improves the probability that a majority candidate wins. Re-
markably, Proposition 7 shows that the strategies pursued by the majority candidates may
distort outcomes to such a degree that ¢’s victory prospects increase. This occurs when the
unique equilibrium under plurality leads the majority candidates to pursue a broad strategy,

whereas the candidates instead target their bases under RCV’s unique equilibrium.

Regardless of whether ¢’s prospects improve or weaken under RCV, the next result shows

that candidate a with the relatively larger base of cores supporters is always better off under
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RCV, but that weaker b’s prospects may diminish under RCV relative to plurality. We continue

to focus on the same parameters as the previous proposition.

Proposition 8. Suppose 6 > 1.
(1) If p > p, a’s and b's probabilities of winning are both higher under RCV.

(2)If p < pand o > o™, a’s probability of winning is strictly higher under RCV, but b’s probability

of winning is strictly lower under RCV.

In particular, for primitives such that the Condorcet loser’s victory prospects increase un-
der RCYV, that electoral improvement is exclusively at the cost of the candidate representing
the smaller group within the majority. While scholars argue that RCV improves the electoral
prospects of candidates representing electoral minorities (e.g., Benade et al., 2021), the propo-

sitions unearths circumstances in which the opposite is true.

Although welfare comparisons are hampered by equilibrium multiplicity, some broad ob-
servations are possible. RCV always generates weakly higher welfare than plurality in high-
apathy contexts (p > p), though depending on other primitives the systems may generate the
same welfare.!! For instance, under the benchmark parameters in Figure 7 plurality and RCV
yield identical welfare for all p > p. For intermediate levels of voter apathy p < p < p, both
systems can support broad convergence by the majority either as a unique equilibrium or
(depending on parameters) in conjunction with other equilibria. When both systems support
an equilibrium in which every candidate targets her base, RCV dominates plurality if that
equilibrium is played under each system, but this equilibrium is strictly dominated by the
convergent equilibrium (g, g, t“), which may be unique under plurality even when RCV sup-
ports both (as in Figure 7 when oP™ < a < o). Finally, when p < p, only plurality supports
an equilibrium in which the majority candidates campaign broadly, and this equilibrium gen-
erates strictly higher welfare than RCV for all levels of polarization satisfying Assumption 2.

Both systems may nonetheless support multiple equilibria for these primitives.

Specifically, when p > p: the systems yield the same welfare for a > o™, RCV yields
strictly higher welfare if a € (o™ o), and when a < of™™ RCV either yields the same

welfare or strictly higher than plurality, depending further on primitives.
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6. Conclusion

Our paper studies electoral competition under Ranked Choice Voting (RCV). We ask: does
RCV necessarily provide greater incentives for candidates to moderate their policy platforms

than plurality rule? Does RCV better-align electoral outcomes with voters” preferences?

Our framework yields the following results. When RCV encourages broad campaigning
strategies, so does plurality, but the reverse is not true; and, when plurality encourages candi-
dates to target their bases, so does RCV in contexts either of polarization or low baseline par-
ticipation. In those environments, RCV therefore fails to moderate candidates’ campaigning
strategies. When a Condorcet Loser exists, RCV may weaken her electoral prospects for some
primitives, but we unearth contexts in which the candidates” strategic choices offset RCV’s
benefits from second preferences to such a degree that a Condorcet loser’s victory prospects

may increase, relative to plurality.

We close with a broader interpretation of our results, and how they relate to existing ar-
guments that favor RCV’s adoption. By allowing voters to express a preference for multiple
candidates, RCV implicitly helps voters to solve a coordination problem they would other-
wise face in multi-candidate elections under plurality rule. For a fixed set of alternatives, this
improved implicit coordination facilitates the election of moderate policies, and in particular
majority-preferred policies when they exist. However, this improved implicit coordination
also changes the candidates’ strategies, by opening up new pathways to electoral victory that
may be absent under plurality. Changes in electoral rules therefore have the potential to cre-
ate new conflicts between candidates whose consequences can be difficult to predict. Indeed,
those consequences may be opposite to the aspirations of both scholars and reformers of elec-

toral systems.

References

Adams, James, Jay Dow and Samuel Merrill. 2006. “The political consequences of alienation-
based and indifference-based voter abstention: Applications to presidential elections.”

Political Behavior 28(1):65-86.

31



Benade, Gerdus, Ruth Buck, Moon Duchin, Dara Gold and Thomas Weighill. 2021. “Ranked
choice voting and minority representation.” Available at SSRN 3778021 .

Borda, J-C de. 1781. “Mémoire sur les élections au scrutin: Histoire de I’Académie Royale des

Sciences.” Paris, France 12.

Bouton, Laurent and Gabriele Gratton. 2015. “Majority runoff elections: strategic voting and

Duverger’s hypothesis.” Theoretical Economics 10(2):283-314.

Burgess, Robin, Remi Jedwab, Edward Miguel, Ameet Morjaria and Gerard Padré i Miquel.
2015. “The value of democracy: evidence from road building in Kenya.” American Economic

Review 105(6):1817-51.

Callander, Steven. 2005. “Duverger’s hypothesis, the run-off rule, and electoral competition.”
Political Analysis 13(3):209-232.

Callander, Steven and Catherine H Wilson. 2007. “Turnout, polarization, and Duverger’s

law.” The Journal of Politics 69(4):1047-1056.

Condorcet, Jean-Antoine-Nicolas de Caritat, marquis de. 1785. Essai sur l'application de

I'analyse a la probabilité des décisions rendues a la pluralité des voix. 'Imprimerie Royale, Paris.

Cormack, Lindsey. 2021. “Cataloguing the Promises of Ranked Choice Voting in New York

City.” Medium.com.

Cox, Gary W. 1987. “Electoral equilibrium under alternative voting institutions.” American

Journal of Political Science pp. 82—-108.

Dellis, Arnaud, Alexandre Gauthier-Belzile and Mandar Oak. 2017. “Policy Polarization and
Strategic Candidacy in Elections under the Alternative-Vote Rule.” Journal of Institutional

and Theoretical Economics 173(4):565-590.

Dewan, Torun and David P Myatt. 2007. “Leading the party: Coordination, direction, and

communication.” American Political Science Review 101(4):827-845.

Dixit, Avinash and John Londregan. 1996. “The determinants of success of special interests
in redistributive politics.” the Journal of Politics 58(4):1132-1155.

32



Drutman, Lee. 2020. Breaking the two-party doom loop: The case for multiparty democracy in
America. Oxford University Press, USA.

Eggers, Andrew and Tobias Nowacki. 2021. “Susceptibility to strategic voting: a comparison

of plurality and instant-runoff procedures.” working paper.

Farrell, David M and Ian McAllister. 2006. The Australian electoral system: origins, variations,

and consequences. UNSW Press.

Grofman, Bernard and Scott L Feld. 2004. “If you like the alternative vote (aka the instant
runoff), then you ought to know about the Coombs rule.” Electoral studies 23(4):641-659.

Hall, Andrew B. 2015. “What happens when extremists win primaries?” American Political
Science Review 109(1):18-42.

Hinich, Melvin J, John O Ledyard and Peter C Ordeshook. 1972. “Nonvoting and the

existence of equilibrium under majority rule.” Journal of economic theory 4(2):144-153.

Horowitz, Donald L. 2004. “The alternative vote and interethnic moderation: A reply to
Fraenkel and Grofman.” Public choice 121(3):507-517.

Jesse, NJ. 2000. “A Sophisticated Voter Model of Preferential Electoral Systems.” Elections
in Australia, Ireland and Malta under the Single Transferable Vote: Reflections on an Embedded

Institution .

Martinelli, Cesar. 2002. “Simple plurality versus plurality runoff with privately informed
voters.” Social Choice and Welfare 19(4):901-919.

Myatt, David P. 2007. “On the theory of strategic voting.” The Review of Economic Studies
74(1):255-281.

Myerson, Roger B and Robert ] Weber. 1993. “A theory of voting equilibria.” American
Political Science Review 87(1):102-114.

New York Times, The. 2019. “New Yorkers Have a Chance to Remake How They Vote.”.

Piketty, Thomas. 2000. “Voting as communicating.” The Review of Economic Studies 67(1):169—
191.

33



Robinson, James A and Ragnar Torvik. 2005. “White elephants.” Journal of public economics
89(2-3):197-210.

Santucci, Jack. 2021. “Variants of ranked-choice voting from a strategic perspective.” Politics
and Governance 9(2):344-353.

Stewart III, Charles, R Michael Alvarez, Stephen S Pettigrew and Cameron Wimpy. 2020.
“Abstention, protest, and residual votes in the 2016 election.” Social Science Quarterly
101(2):925-939.

Van der Straeten, Karine, Jean-Frangois Laslier, Nicolas Sauger and André Blais. 2010.
“Strategic, sincere, and heuristic voting under four election rules: an experimental study.”

Social Choice and Welfare 35(3):435-472.

Zakharov, Alexei V. 2008. “A model of electoral competition with abstaining voters.”
Mathematical and computer modelling 48(9-10):1527-1553.

34



7. Appendix: Proofs

Notation. For group I € {A, B, C'}, define thresholds

ul(pb) — ul(pa) (28)

Tc{b (pm pb) 9

I ( D ) _ ul(pC) - ul<pa) -0 ifle {Av B} (29)
Tac pa,; c) —
\ul(pc) - ul<pa) + ¢ ifl=C
¢
u'(py) —ul(p.) +0 if I € {A B}
TbIc<pbapc) = (30)
\ul(pb)—ul(pc)—ﬁ if I =C.

For candidate j € {b,c}, threshold 7., (pa,p;) is the critical aggregate shock realization such
that group-I voters prefer a to j if and only if 7 > 7.;(pa, p;). Similarly, 7/, (ps, p.) is the critical

aggregate shock realization such that group-I voters prefer b to c if and only if 7 < 7. (p,, p.).

For any z € R, we let F'(z) denote the cumulative distribution of the reservation value 7,

uniformly distributed on the interval [p, p + ¢~ '], evaluated at z; i.e.,

F(z2) = max{¢(z — p),0}.

Our assumption that ¢ < 3% implies that F/(U) < 1 for all candidates j € {a,b,c}, and

policy profile p = (pa, p», p.) and groups I € {A, B,C'}.

Proof of Lemma 1. The result is true if for each I € {4, B} and any p = (pa, pv, Pe), Tie.(Pb, De) >
Toy(Pas Do) > Tae(Pa, De). We have 7 (py, pe) > 7k (pa, s) if u'(py) — u!(pe) + 6 >

uf (pb)ful (Pa)
P) ’

which, since
u! (pa) + u' (p)

9 _ul(pc)20+g_u

0
- 2

holds for any p = (pa, py, p.) if and only if 6 > u/2. The argument that 77, (p,, p») > 7..(pa, pe)

for any (pq, pp) is similar. O

Proof of Lemma 2. The previous lemma implies that group-/ € {A, B} voters never cast
tirst preferences for candidate c. A group-C' voter prefers candidate c to a if and only if

7 < 75(pa, pe), and prefers ¢ to b if and only if 7 > 75(py, p.) = uC(py) — uC(p.) — 0. It is
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easily verified that for any (pa, i, Pe), TS (Pas De) > Th(Das pp) and 7% (py, pe) < 724 (Pas Db)- SO,

candidate a’s total first preferences for any p = (pq, ps, p.) are

(

0 if 7 < 74 (pa, pb)

aF(u?(ps) + ) if 7 € [724(Pas Pb)s Tay (Pa> b))
vl ) =S aF(uA(pa) + 7) + (1 — Q) F(uB (pa) +7) if 7 € (75 (pas po), min{1/2, 7€ (pa, pe)
aF (ut(pa) +7) + (1 — &) F(u®(pa) + 7)

|+ F (U (pa) + 7 = 0) if 7 € (min{1/2, 7 (Pa, pe) }, 1/2]-

(31)

Similar steps yield b’s first preferences:

4

0 if 7> 75(pa, po)

(1 —a)F(u’(py) — ) if 7 € [725(Pay Do), Tap (Pas )]

U (0,7) = Y aF(ut(py) = 7) + (1= @) F(uP(py) — 1) if 7 € [max{—=1/2,7 (v, pe) }, 72h (Pas b))
aF (ut(py) = 7) + (1 — a)F(u®(p) — 7)

\—i-’yF(uC(pb) —7—10) if 7 € [—1/2, max{—1/2, 75 (py, pe)})-
(32)

Finally, candidate ¢’s first preferences are

0 if 7 € [—1/2, max{—1/2, 7 (py,pc)})
vi(p.7) = vFC(p.)) if 7 € [max{—1/2,7C (o, pe)}. min{1/2, 7C(pasp)}]  (33)
0 if 7 € (min{1/2,7%(pa, pe)}, 1/2].

Notice that when p. = t, (31) and (32) specialize to expressions (4) and (5) in the text, re-

spectively, since for either p, € {g,t*}, 75 (pa,t“) > 1 —u+6 > 1 — % > 1 and likewise

for either p, € {g,t%}, 75(ps,t9) < —31. This further implies that for all 7 € [ — 1, —1],

v (Da, 01, t¢) = YEF(1) = vé(1 — p), as claimed in the text. We define

Toa(Pas Py, pe) = {7 2 0l (p, 7) > 0l (p, 7)}
!

(p,7)}

T}I))lcu(pmpbapc) = SU.p{T : Ul])c(pa ) S
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T;ll:l(ptupbupc) = inf{r: vg(n ) > Ul{(p7 ).

For any Pair (pa7 pb)l Tgﬁl(pa7 pba ) Z T;l(il(pav Pv, g ) and Tplu(pcw Pb, tC) S Tplu(pav Do, g)l where
these thresholds are defined in (6) and (7). This yields that p. = t¢ (weakly) maximizes c’s
probability of winning for any pair of actions p, € {g,t*} and p, € {g,t?}.

For the benefit of later results, we strengthen this lemma by showing that if p > =2, t¢is
¢’s weakly dominant strategy. To do so, we need only verify that there exists a pair (p,, py) €
{ga tA} {g7 tB} SUCh that elther plu(pav Do, tc) > T&%(Zjaa Dv, g) or Tplu(pa7pb7 t ) < Tgfu(pavpba g)
This follows from the fact that if p > 7= then

75009, 9,t9) = max{0,y —u+p(1 =)} =y —u+p(1 —v) = =75, (9,9,t) > 0,

whereas, for any primitives, 75,(9, 9, 9) = max{0,yu —u+ p(1 — )} = —Tplu(g, g,9)=0. O

Proof of Lemma 3. We prove the argument for candidate j = b, since the argument for

candidate a is similar. Using (31) and (32), we obtain candidate a’s total first preferences:

0 ifr <7 (pa,pb)
Vs (Par P 1, 7) = § @F (u? (pa) + 7) if 7 € [} (Par 1), 75 (s )]
aF(uA(pa) +7)+(1— a)F(uB(pa) +7) ifr>71; (pa,pb)
(34)
and candidate b’s total first preferences:
0 ifr >, (pa,pb)
0 (P 20, 1€, 7) = { (1 — @) F(uB(py) — 7) i 7 € [7A (s o) 7 (Das )]
aF (ut(p) — 7) + (1 — ) F(uP(py) — 7) i 7 < 74 (pas o).
(35)

Finally, ¢s total first preferences for all 7 € | — 1, 3] are vF(1). Notice that ) (pas Py, 1€, 7) >
vF (1) requires that either

7 € [72(Pas 1), Ty (Pas b)) and (1 — a) F(u”(py) — 7) > 7F(1),
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or, instead, that
T< Tﬁj(pa,pb) and aF(uA(pb) —7)+ (1 - a)F(uB(pb) — 1) > vF(1).

In the second case, a wins zero first preferences, and the lemma is trivial. In the first case,

u®(py) < 1implies 7 < 0, which implies

vl (pa, py, 19, 7) = aF (u(p,) + 7) < aF(1) < vF(1) < (1 — a)F(u®(py) — 7) = 0] (pa, o, t9, 7). O

Proof of Proposition 1. We begin by defining thresholds that will be relevant for our analysis:

T pa) = L1 = p) = ut(pa) + (36)
—7(p) = 2= (L = p) — uP(py) + p (37)
75(pa) = 7(1 = p) — au’(pa) — (1 — a)u®(pa) + p (38)
—13°(py) = (1 = p) — au (py) — (1 — a)u®(py) + p. (39)

Recalling the following critical thresholds:

Tg]%(l)auplntC) = inf{T : Ug:(pcwpbatCaT) Z f}/F(l)}

Tl:l:lcu<pa7pb7tc> = Sup{T : U[{(pavpln tca 7-) S /VF(l)}v

it is easy to verify that

75Pa) T (Parb) < 75°(Pa)
Cy
Tglcu(pavpbat ) - Tg,(paapb) T£(paapb) € [TQaC(pa)a Tlac(pa))

7(Pa) 7B (Das pb) > T8(pa),
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and

—75(ms) =iy (Par ) < —T5(Pa)
be Cy\ c
- plu(paapb:t ) - _Tﬁj(pmpb) — T, (paapb> S [_TS (pa) _7—1 (pa))

—75%(py) 74 (Pay Pb) = —72(pa).

Notice that

c ac I—u
—m°(9) > 7(9) > —5— = Tap(9:t7) = = (¢, 9) > 0= 75(9. 9) = 709, 9),
which implies that

7'51?1(9,9,150) = maX{O,p(l - 7) +7 - u} == llo)lcu<g7gatc)

ac 1—u
Tplu(gatBatC) :max{ 7p<1_7)+7_u} plu(t >g>tc)‘

Further observe that v < 1 implies

1 1
75 (th) — T (¢4, 17) :7(1—P)+P—04—§ <gz-a<y,
which implies

1
Tt 7, 19) = min{é,rfc(t“‘)}.

Finally,

A 4B ,C : be (4B be 1
plu(t t5t%) = min { —7¢(t?), max { —7o¢(t? ),5
ot 9,4%) = min {77°(¢), max { 5°(t*), 5 } |

u
- }I))lcu(ga tBa tC) = min {_ch(tB)7 max {_Tgc(tB)a 5}}
with
plu(tA tB tc) Tglcu(g>t37tc) = Tgl%(tAvgatC)'

Recall from Lemma 2 that p. = t¢ is a best response to p, = p, = g. We therefore derive
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conditions under which p, = p, = g are mutual best responses to p. = t“. The conditions are:

T;ﬁl(Q? g, tC) S Toit (tA7 g, tc)

plu (40)
_Tglcu<g7 g’ tc) § _Tl:lzlcu(g’ tB7 tc)
Since 7.,(9, 9, t) = —Tgfu(g,g,tc) and Tgﬁl(tA,g, t9) < —Tgfu(g,tB, t%), the conditions in (40)
are satisfied if and only if 77 (9, g,t) < 74 (t*, 9,t°), which is true if and only if
u
max{0, p(1 =) +7 — u} < min {7°(t), max {r5(t*), 5 } } (41)

which holds if and only if

p(l =)+~ —u<min {ch(tA), max {72“0(#“), g}} :

Notice that u > o implies

Uu
p(L=7)+7—u < p(l =) +7 - a = (t") < max {rg(t), 5}

and thus (41) holds if and only if 7#¢(t4) > p(1 —7) + 7 —u < p < p. O

Proof of Proposition 2. Recall from Lemma 2 that p. = t¢ is a best response to any strategy
of candidates a and b. We first verify that (¢4, t¥) are mutual best responses to p. = t¢ if and

only if a < aP"  where

. . (1 —p) (1 —p)
o :1_mm{(1—u)/2—|—l—p’1—u—|—7(1—p)}'

The pair (t*, t?) are mutual best responses to p. = t¢ if and only if
Tgﬁl(tAv th tc) < Tgﬁl(% th tc)

_Tbc

plu(tA?tB?tc) S _Tglcu(tAhgatc)?
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which is equivalent to

min {%,T{‘C(tA)} < max{l_T“,p(l —¥)+v- u}

min {—77*(t7), max {—73°(t7), 3 } } < max {15*, p(1 =) + 7 —u}.

(42)

Since —7%¢(tP) > 7¢(t4), the second condition in (42) is necessary and sufficient. Notice that
since p < 3:

U 1
pA=+y-usgl-7)+r-u<l-u<g,

which implies that (42) holds if and only if

—m () = <1ja - 1) (1=p) < maX{Tu,p(l —7) +’y—u} o a <ot

Next, we show that (4, g) is a pair of mutual best responses to p. = t¢ if and only if p > p and
p p y

o > oP, Pair (¢4, g) are mutual best responses to p. = t¢ if and only if

7 (14, 9.) < 756,(9..9.4°)

— Tt (t,9,49) < =7 (14,17, 19).

We already showed that p, = g is a best response to p, = t* and p. = t¢ if and only if a > aP™".
The argument is completed by recalling from Proposition 1 that p, = ¢ is a best response to
py = g if and only if p > p. OJ

Proof of Remark 1. First, we show that the strategy profile (g, t?) is never a pair of mutual

best responses to p. = t“. To see why, observe that (g, t¥) are mutual best responses to p, = t¢

if and only if
Toa(g, 17, t9) < 750, (t4,47,19)
—ta(9,£7,19) < 73 (9. 9,1,

which is equivalent to

max {1’7“,,0(1 ) +y- u} < min {%,ch(tA)}

—me(tP) < p(l =)+ v — u
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These inequalities imply p(1 — ) + v — u € [—7¥(tB), 78¢(¢*)], which is impossible since we
already showed —7¢(t5) > rfe(t4).

To conclude the Remark’s proof, we verify two claims. First, If there exists an equilibrium
in which ¢ plays a weakly undominated strategy and chooses p. = t© with positive proba-
bility, then that equilibrium (i) is outome-equivalent to a pure strategy equilibrium in which
P = pp = g and pc = t¢, and (ii) exists only if p < H < p. As a result of (i) and (ii), that
equilibrium is outcome-equivalent to the equilibrium characterized in Proposition 1. Second,
a unique pure strategy equilibrium is the unique Nash equilibrium. In other words, when
there is a unique pure strategy equilibrium, there is no equilibrium in which at least one can-

didate randomizes over her actions.

Claim 1. In any Nash equilibrium in which candidate c does not play a weakly dominated strategy,

either c chooses p. = t€ with probability one, or the equilibrium is outcome-equivalent to the pure

strategy equilibrium (g, g, t%) characterized in Proposition 1.

Proof. The proof of Lemma 2 verifies that p. = ¢ is candidate ¢’s weakly dominant strategy

whenever p > % We may therefore restrict to p < % This implies

509, 9.1) = l5.(9,9.9) = 74(9.9) = T43(9,9) = 0.

In words: if candidates a and b pursue broad campaigning strategies, p, = p, = g, candi-
date c loses the election with probability one regardless of her own campaigning strategy;,

pe € {g,t°}. We define the following critical thresholds for any (p,, py) € {g,t*} x {g,t?}:

fe(py) = L) ) 3)
75°(pa) = yu — [ou(pa) + (1 — a)u” (pa)] + p(1 — 7) (44)
fe(py) = L= Oé)lu_(ib) —u_ p( 1—_@@— 7) 45)
72°(p) = au(py) + (1 — )u®(py) — yu — p(1 — 7). (46)

Expressions (53) through (56) are the analog of expressions (36) through (39), but under the
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supposition that p. = g, rather than p. = t“. We have:

Tgﬁl(paapbvg> max{ b(paapb) mln{Tl ( )7max{%;c(p(I)?Tﬁ)(paapb)}}}

7 (Das Doy 9) = min{ 75 (pa, p), max{ 71 (pa), min{75°(pa), 7ap(Pa> Ps) } }}-

We claim that p. = t¢ is not a weakly dominant strategy only if, for any (p.,py) # (9,9),
7 (Das Db, 9) < T4 (Pas Do, 9)-

To verify this, notice that if 1u(pa, Db g) < 1i’l‘lu(pa, b, g), then candidate ¢ wins the election
with probability zero when the profile is (p,, py, g). Recall that for any (pa, ps), Thiu (Pas Db, g) >
Tgl’il(pa,pb,t“) and Tplu(pa,pb,tc) < T}ffu(pa,pb, g). This implies that p, = t weakly max-
imizes ¢’s probability of winning for any (p,,p,). Lemma 3 further verified that for any
(pwpb) 7é (979)/ Tgl%(pa’pbatA) >0 > Tlu(paapb’tA>' SO if Tlu(pa’pbag) > Tgﬁ(pa,pb,g) for
some (pq,ps) # (9, 9), then ¢’s probability of winning is zero when she chooses p. = g but
strictly positive when she plays p. = t¢, when candidates a and b play p, and ps, respectively.

This implies that p. = t¢ is ¢’s weakly dominant strategy.

We conclude that if p. = t¢ is not ¢’s weakly dominant strategy, then for any triple (pa, py, pc),

candidate a wins if and only if 7 > 74 ol ° (Pas Db, Dc), and candidate b wins if and only if 7 <

T[I;lcu(pa7pbapc) NeXt recall that 7, lu(pavpba tc) < Tlf))lcu<paapb7 ) and Tplu(p(upba g) plu(paapln 13 )

for all (pa, pp); further, if there exists any pair (p,, py) for which either inequality is strict, then

t¢ is ¢’s weakly dominant strategy. So, p. = t© is not a weakly dominant strategy

Pe =
only if the following is true: for all (pa, ps), T, (Pas Pb, t9) = T, (Pas Db, 9) and 75 (Pas Db, 9) =
Tolu (Pa, Pp, t°). With reference to expressions (36) through (39), recall that

Tota(Pa: o, 17) = min{ 7 (p,), max{73(pa), 743 (Pa, P) } }}

Toha(Pa, o, 1°) = max{r{(pa), min{7y*(pa), 723 (Pa po)}}}-

Inspection yields that 7{¢(p,) > 7{°(pa), and 75°(p,) > 75°(pa), T7¢(ps) < 77°(pp) and 75(py) <
75¢(py), this implies that for all (p,, ps):

Tgfu@a;pbatc) = Il;lcu(paapmg) — Tlu(powpbut )_ Il))lcu<pa7pb7g) = T;})(paupb)-
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Tglcu<pa7pb7tc> - plu(paapb7g) <~ Tlu(p(upbat ) plu(paapbmg) B;(paapb)'

Since 74 (-, t%) < 74(-,9) and 75(g,-) < 7E(t4,-), we conclude that each of the majority can-
didates a and b has a strictly dominant strategy to pursue a broad campaign, i.e., p, = g is
a’s strictly dominant strategy and p, = g is b’s strictly dominant strategy. This implies that
Tgﬁl(g, g,Pe) = plu(g g,p.) = 0 regardless of p.. Since p < 7 “’ , for any strategy of candidate
c (including any mixed strategy), the strategies of candldates a and b yield an equilibrium

outcome that replicates the outcome of the equilibrium characterized in Proposition 1. O

Claim 2. If there is a unique pair (p,, py) of pure strategy mutual best responses to p. = t°, then there
does not exist any pair (o,, 0y) with o; € (0,1) for at least one j € {a, b} such that (o,, 0},) are mutual
best responses to p. = t©.

Proof. Let II’(p,, py) denote i's winning probability at an action profile (p,, py, t). Suppose,
without loss of generality, that (g, ¢) is the unique pair of pure strategy mutual best responses

to p. = t°. We must then have

(g, g) > I*(t*, g) (47)
(g, g) > (g, 7). (48)

and for all (p,,p,) # (9, 9),
Pid(paapg> < Ha(_‘pmpg) \ Hb<pa,pg) < Hb<pa,—|pg>. (49)

Suppose there further exists a pair of mutual best responses (¢¢ where o, = Pr(p; = g),

L0
g 9
i € {a,b} and—without loss of generality—o7; € (0, 1). a’s indifference requires

0y M*(g, ) = T*(t%, )] = (1 — o) [II*(¢*,£7) — T (g, t7)].

We then have two possible cases.
Case 1: 00 = 1. o’a indifference then requires I1%(g, g) = II*(t*, g). Repeated application of
condition 49 yields [1°(¢t4,t5) > TI°(t4, g) and T1°(t4, ¢5) > TI°(+4, g). As a result, ¢ is a weakly

dominated strategy for a, which is a contradiction.
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Case 2: o) € [0,1). a’s indifference then requires I1*(t*, t%) > 11*(g, t”), which, using condition

49, implies I1°(t4,¢7) < II(t*, g). Optimality of o} further requires
og[I(g, 9) = 11*(g,t%)] = (1 — o) [II(t*,47) — TI°(*, g)].
which, since I1°(g, g) — [1%(g, t%) > 0, requires I1°(¢4, t5) — T1°(¢4, g) > 0, contradiction. O

The proof that (g,t?) is never a pure strategy equilibrium, combined with Claims 1 and 2

yield Remark 1. O

Proof of Proposition 3. When a < o™, p, = t* and p, = t¥ are strict mutual best responses
p p

to t“, which implies

1—u ¥y—(1—« . .
max{ =)+ u} > Um0 gy ey = gt 14,48,4).
Since T¢(t") < —7¢(t?), this further implies
ac(1A 1—u
Te(t7) <maxq 5= p(l =)+ —up, (50)
Since (g, g) is also a pair of strict mutual best responses for p < p, we have:
Te(tM)p(l =) + 7 — u. (51)

We conclude that (50) and (51) hold only if p(1—7)+y—u < 7{¢(t*) < 15%. Thus, min{3, 7{(¢t*)}

To(th) = 75 (4, 17,19), and since 7{°(t*) > 0, we have 7% (g,9,t“) = max{0,y — u + p(1 —

- 'plu
N} < ett) = e 17,1). Since —7l (#4,47,19) = —r*(tP), —m°(t?) > 7i°(t"), and
—70.(9,9:t9) = 754.(9, 9,19), we further conclude that 7% (t4,7,t“)> —7% (g, 9, 1) O

Proof of Proposition 4. Recognize that for any p = (p,, p», p.), the candidates’ first preferences

are given by expressions (31), (32) and (33), as they were under plurality. p. = t¢ is always a

(weak) best response to p, = p, = g, since in that case ¢ cannot benefit from majority voters’
second preferences (they never split). We therefore focus on verifying that these strategies of
= ¢¢

candidates a and b are mutual best responses to c’s strategy of p. . First, we establish

some preliminary results that we use repeatedly in this and subsequent propositions. When

45



pe = t¢, candidate c always wins the highest- or the second-highest share of first preferences

(Lemma 3). So, when p. = t, candidate a wins the election under RCV if and only if

7 > max{7"(pa, D), T (Pa, 21, ) }

where 7% (p,, p) is defined in (8) and 7% (p,, py, 1) is defined in (24). Likewise, candidate b

CcV

wins if and only if

—T = max{—Tab(pa,pb), _Trbccv(paﬂpb7 tc)}

where 7%

(pas P, t€) is defined in (25).

Observation 1. Tab<pa7pb) € [Tﬁ)(pa7pb)7Tcg)(paupbatc))'

Proof. That 7%(p,, py) € [74(Pa, ), 75 (Pa, pv)] follows from the fact that outside of this in-
terval one of the majority candidates receives zero first preference votes. We now show that

7% (pa, pb) < 75 (pa, pb). Suppose not. Then we must have

aF (u(pa) + i3 (Pas 1)) < (1 = Q) F(u” (p) — 743 (Pa, b)) (52)

u® (py) —u® (pa)

Since 7;(Pa, Py) = ;

, condition (52) becomes

o (w0 + VS (g (- )0

o oF <UA(pa) N u®” (py) — uB(pa)> <(1-a)F (UB(Pb) + uB(pa)> 7

2 2

which, since a > 1/2, requires

W) — () _ () + 0P (pa)

2 2 A uA(pa) < uB(pa)’

u (pa) +

which is impossible since u?(p,) > u > uP(p,). O

Corollary 3. 7%(p,, py, t9) = max{7 (P, 1), 72 (pa, Pv) }, Where
T (pas ) = (1 — a)u” (py) — OéuA(pa) + (2a — 1)p,
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solves aF (u?(py) +7) = (1 — a)F(u®(py) — 7).

When candidate c targets her base, the following observation verifies that unless both ma-
jority candidates also target their bases, the following holds: if group-A voters prefer a over
b, then group-B voters prefer a over ¢, and if group-B voters prefer b over a, then group-A

voters prefer b over c.

Observation 2. For any (p,, py) # (t4,t8): 78(pa, t9) < 74 (Da, pv) and 75 (pa, py) < 2 (pp, t9).

Proof. We prove the first claim, leaving the second to the reader. We have 752(p,,t%) <

u (pp) —u” (pa)

5 . If p, = g, then this condition holds

74 (pa, pp) if and only if 0 — uP(p,) — 0 <
if —u — 0 < %%, which is true for all § > 0; if p, = g, then the condition holds if —0 < “3*,

which holds because 6 > u/2 and v > 1/2. O

Observation 3. If § > 1/2, Observation 2 strengthens: for any (pa, py), T2(pa, t€) < 724 (pa, pp) and

Ttg)(pavpb) < Tlé(pbv tc)

Proof. We need only show that 72(t4,t9) < 74(t4,tP) and 75(t4,tP) < 7 (tP,t%), and we
prove the first claim since the second follows the same reasoning. We have 72(p,,t%) <

74 (pa, pp) if and only if —0 < %, i.e., if and only if 6 > % O

The next observation verifies that when candidate c targets her core supporters with pol-
icy p. = t¢, the critical threshold 7% (pq, py, t) above which a defeats ¢ does not depend on b's
policy; similarly, the critical threshold 7%, (pa, py, t©) below which b defeats ¢ does not depend

on a’s policy.
Observation 4. For p, € {g, "}, 75(pa, 9,17) = 72 (pa, t7,1€). For p, € {g,47}, 725 (g, py, 1€) =

72%(t147pb7tc)'

Proof. We prove the result for a’s thresholds, leaving b’s to the reader. We start by verifying
that 72¢ (14, g,t9) = 72¢(¢4,5,1%). Notice that, for any p;, € {g,t"}:

rcv rcv

Toee (%, 0, 1) = max {75 (t", py), 7o (7, 9), min{r{e(¢4), 75 (t4)} } -
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To see why, recognize first that if 7 < 7/} (pa, py), @ wins the fewest first preferences (in particu-
lar, zero first preferences) and therefore loses the election. Recognizing that 7.2 (t4,t“) = —6, if
T < 7B(14,1Y), then a’s total first and second preferences are aF(1+7) < aF(1+0) < vF(1) +
(1—a)F(0—0), and so a loses the election. Since 7 > 75(t4,t“) implies that a’s sum of first and
second preferences is aF(1+7) + (1 — a) F(0+ 7), the requirement 7 > min{7{(t?), 73¢(¢t*)} is
immediate. Under our assumption p > pmin, we have 74 (t4, p,) < 75¢(t4) for any (¢4, p;), and
since 78¢(t4) > 0 > 74 (t4, py) for either p, € {g,t%}, we conclude that min{7{¢(t4), 72¢(t4)} >
74,(t*, py). Further, since 72(t4,¢9) = —0 < —% < “2 < min{74°(p.), 7{“(pa)}, we conclude

that 72¢ (t4, py, <) = min{72¢(t*), 73¢(¢t*)}. This verifies that 79¢ (t4, g, t9) = 79¢ (t4, 8, t“}.

rcv rcv rcv

We next verify that 72¢(g, g,t%) = 72 (g,t5,t%). Notice that 71(g,t%) = 75(g,t%) = —u -0 <

cv
—3 and 72(g,t%) = 72(9,t“) = uw+ 0 > 3. This implies that if p, = g and p, = t°, group-B
voters always prefer a to ¢, and similarly if p, = g and p. = t¢, group A voters always prefer

b to c. This implies that

vl (g, pp, %, 7) = ag max{u + 7 — p,0}I {7‘ >

u't(py) — u}

2

(1 — )¢ max{u + 7 — p,0} {T > M},

2
and
valg, P, 1, 7) = agmax{u + 7 — p, 0} {T < UA(M%}
+(1 — a)pmax{u+ 1 — p,0} {T < UB(Z%%} ,
implying that

U({(Q?])bvtov 7_) + UZ(g,pb,tC,T) - ¢maX{u + 7 - P, 0}7

which is independent of b’s policy p,. This implies that 72 (g, g,t%) = 72 (g,t”,1%), as was to

Icv

be shown. O

Corollary 4. We have

max{7(g, 9), 7(g,,t)} = max{0,7 — u + p(1 — 7)} = max{—7"(g, 9), —7re (-, 9, 1) }.
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Observation 5. For any (p., py), T2 (pa, t€) < 0 and 72 (pa, t) > 0.
Proof. Follows from 6 > 0. O]

Notice that p > pmin implies y—a+p(1—7) > (u—1)/2 > —60,and that 1 —a—y—p(1—7) < +6.
Together with the previous observations, the following is easily verified:
ab B ac C u
max{7%(g,t”), Tee(g,,t”)} = max {—57 l—a—oau+ 2a—1)p,y—u-+p(l— 7)}
(=7t )~ 1)) = max {in { 25 % 0 = (1= aju— (20— Dpf 7 =t plL =)}
ac (4 A | 4O\ _ s 1 _ _ — —
re(th, 1) = min { (L = 1) (1= )1 (1= p) —a+
(2-1)(1-p ify(l-p)<a
Y1 =p)—a+p ify(1-p)>a

et t0>=min{(lfa—1) <1—p>m<1—p)—1+a+p}

1—u

(2 -1 0=p) ify(1-p)<l-a

Y1—=p)—14+a+p ify(1—-—p) >1-—a.
Observation 6. We have 725(t4, - 19) < —70 (- 8 19).

Proof. When v(1—p) ¢ (1—«, «), the claim follows by inspection and a > 1/2. When instead
v(1 = p) € (1 — a, ), we have that:

T (A7) =L =p) = L atp> 1= (1=p) > L(L—p) = (1—p) = 75t 1).
This completes the proof. O

We now establish the proposition. Given that ¢ chooses p, = t“, p, = g and p, = g are mutual

best responses if and only if:

max{—7"(g,9), =755 (g, 9,1} < max{—7%(g, %), =7 (g.t%,t“)}
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max{max{(1 — &)u — o + (20 — 1)p, %51}, 72 (t*, 9,t9) },

) 'Iev

< max{0,y —u+ p(1 —v)} < min

max{—max{l — o — au+ (2a — 1)p, =%}, =725 (g, t% 1)}

Since (1—a)u—a+(2a—1)p < (1—a)u—a+(2a—1)% < 0and -7

Icv

(g7 tB, tC) ~ fac (tA, g, tC),

Icv

the condition further simplifies to:

:max{“;1,min{V;Q(l—p),y—am(l—w}}.

Ify—u+p(1l—-7v) >0, then y —a+ p(1 —~v) > 0, so the condition is equivalent to
y—u+p(l—7v) < =21 —-p),ie, p <p Ify—u+p(l—7) <0, then the condition is
equivalent toy —a + p(1 —~) > 0,ie., p > p. O

The next lemma verifies that if § > (u + 1)/2, p. = t¢ is always best response.

Lemma 4. Let 0 > (u + 1)/2. For all other primitives, p. = t is a weakly dominant strategy.

Proof. Case 1: (p.,py) # (t4,tP). To start, recognize that for any (p,,p,) # (t4,t5), any
pe € {g9,t°}and 6 > (u+ 1)/2, we have

T;Il)(paapb) - Tch(prpC) > u— UB(pc) Z 0.

In words: for any policy platforms, whenever a wins strictly positive first preferences, she

is also preferred to candidate ¢ by group-B voters. Similarly, it’s easy to verify that for any

(paspv) # (t4,7), any p. € {g,t°} and 6 > (u + 1)/2:
Ty (Db, Pe) — Tap(Pas 1) > 0.
Let:

yu(

Pe) — auA(pa) i (a=7)p

(53)

T(Pa, Pe)

75 (Pas pe) = YuC (pe) — [au (pa) + (1 — a)u® (pa)] + p(1 — 7) (54)
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(1 —a)u®(p) —7u(p)  p(l —a—7)

be —
T (pb7pc) - 1— 1—a (55)
75 (o, pe) = aw (py) + (1 = @)u® (py) — yu (pe) = p(1 = 7). (56)
For any (pa, p») # (t*,t?), ¢ wins the election with policy p. = g only if
min{Tab(pav pb)7 maX{ch(pby 9)7 Tgc(pbv g)}}
<7 < max{7"(pa, o), min{7{ (pa, 9), 75 (pa, 9) } }- (57)

To understand why, we begin with the first inequality. For any (p,, p;) # (t*,¢7) and 6 > %5,
7 (Da,pv) < TE(pa, pb) < TiA(py, g) (using Observation 1). So, if candidate b wins more first
preferences than candidate a, candidate b also wins any second preferences cast by group-A
voters, and even their first preferences if 7 < 77} (pa, pp)- If, in addition, « F'(0—7)+(1—a) F(1—
7) > vF(u), which is equivalent to 7 < max{r*(t?, g), 72°(t?, g) }, candidate b’s combined first

and second preferences exceed candidate ¢’s. The second inequality follows a similar logic.

Next, recognize that for # > (u + 1)/2 when c locates at p, = t¢, instead, she wins whenever:

min{Tab(paa pb)7 maX{T{)C(pba tc)a Tgc(p(n tc)}}

<7 < max{7"(pg, ps), min{7{(pa, t), 75°(pa, t) }}. (58)

Since min{r{(t*,t9), 79¢(t4,t9)} > min{r{(t4, g), 78°(t*,g)} and § > (u + 1)/2 (together with
Observation 1) implies that 72(p,, 9) < 74(pa,ps) < 7%(pa, p»), we conclude that the set of

shocks defined in (57) is a subset of the corresponding set of shocks defined in (58) for all

Pa,P), and moreover a strict subset when p, = t* and p, = g, since 7(t4,g9) = %1 <
g g 2

ac

min{7{¢(t4, g), 79¢(t4, g)} under our assumption that p > pmin-
Case 2: (pa,py) = (t1,1P). Suppose that g is a best response to (t4,¢5). We first observe that ¢

wins the election only if

min{7(t*, t"), max{r{*(t", g), 75°(t", 9)}}

<7< max{Tab(tA, t?), (u —1)/2, min{TfC(tA, 9), T;C(t“, 9)}} (59)
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To see why, first notice that 6 > (u+1)/2 and 7°(t4,¢8) < 0 implies 7% (¢4, %) < 7 (t4,¢5, g),
since TA(t4,t8,g) = 0 —u > (1 —u)/2 > 0. So, for all T < 7%(t4, ) candidate b wins more
tirst preferences than a, and wins any second (or, possibly, first) preferences from group-A
voters. She therefore wins the election if, in addition, aF'(0 — 7) + (1 — a)F(1 — 7) > vF(u),
which is equivalent to 7 < max{7{(t?, g), 7¢°(t?, g)}. Second, notice that § > (u + 1)/2 im-
plies 72(t4,t%) < u—60,and u — 0 < (u —1)/2. So, if 7 > (u — 1)/2, a wins the election
if 7%(t4,¢8 g) and 7 > min{r{¢(t4, g), 7¢°(t4, g)}. Using again the fact that p > py;, implies
min{r(t4, g), 73¢(t4, )} > (u — 1)/2, we conclude that (59) can be written:
min{7®(¢*,t7, ), max{r*(t”, g), ,°(t", 9)}}

<7< max{T“b(tAJB,g), min{7{(¢ ,g) (tAag)}}] (60)

Next, recognize that when c locates at p. = t¢, instead, she wins whenever:

min{7(t4, 5, t1), max{rl(t?,t9), r2(¢t5,t9)}}

< 7 < max {74, t8 1), min{ree(t, t9), 8(t 19} ). (61)

Notice that 79°(t4,t8 g) = 70t 1°), that 7¢(tP,19) < 7P¢(tB, g), m2¢(tB,t%) < 75¢(¢B, g),
and that 7¢(t4,t%) > 7i¢(t4, g) and 79°(t4,t9) > 79°(t4, g). Thus, the set of aggregate shocks
identified in (61) is a superset of those identified in (60). O

Proof of Proposition 5. We proceed by a sequence of lemmas.

Lemma 5. If 0 > 1+ v there is never an equilibrium in which p, = g, py = t° and p, = t°.
q

Proof. Since 6 > %, Observation 3 applies. Thus, p, = gand p, = tB are mutual best responses

to p. = t° if and only if

(
ma{r(g, 1), 725 (9,17, 10)} < max{z(t4,17), 725, (t4, 17 1))

? rcv

| max{—r(g,17), ~7l5, (9,7, 1)} < max{~7"(g, 4), ~71%(9,9.1)}
,

max {1 —a —au+ (2a — 1)p, =%, 7% (g, t%,t9) } < max{—(2a — 1)(1 — p), =1, 72¢ (t*,¢5,t%)}

92 rcv 27 'rev

2

max{— max{l — o — au+ (20 — 1)p, =%}, =72 (9, t%,t%)} < max {0, 7% (g, 9,1°)} .
\
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Since —% > —fand 1 —a—au+(2a—1)p > —(2a—1)(1— p), the first condition (i.e., candidate
a’s constraint) requires

rcv(g,tB tC) < 7_(10 (tA tB tC’)

rcv

There are two possible cases. If 1 —a—au+(2a—1)p < 0, the second condition (i.e., candidate

b’s constraint) requires

(g, 9,t9) > =7 (9,7 ,19),

and since 7%(g,9,t%) = 7%(g,t5,t%) and 7 (14, 9,t9) = (A, 1P,1°), we therefore re-

Icv Icv Icv Icv

quire 7 (t4, g,t%) > —12

rcv rcv

(g,t5,t%), which is always false by Observation 6. If, instead,
1 —a—oau+ (2a — 1)p > 0, then the first condition implies

e (4 8,69) > max {1 — a — au+ (2a — 1)p, 75(9, t7,t9) } > max {0, 7

(9.t%,t9)}  (62)

? I‘CV

(9,17, 19). Since 715 (g, 9, t9) =

rcv

and the second condition is equivalent to max {0, 7% (g, g,t“) } > —

I‘ CcVv

o (g,t5,19), the second condition therefore requires max {0, 725 (g, t7,t%)} > =72 (g,t5,1).
Combining this with (62) yields 72¢ (¢4, ¢5,t¢) > —75 (g,tP,t%), which is always false (again
by Observation 6). N

We next define the following thresholds:
oy 1 n 1—u
=T A
1—u (1 —p)
anY =max{ —— + (1 —p)(1 —7),1— ,
2 { 2 (1=p)1=7) 1—p+max {5%,v(1—p)+p—u}

Lemma 6. If 0 > (u+ 1)/2, then (pa, py, pe) = (4, g, ) is an equilibrium if and only if either
(i) p < pand a > oy, or
(ii) p > pand o > of®.

Proof. Lemma 4 verifies that candidate c’s strategy is a best response, so we focus on the

strategies of candidates a and b. Recognize that p, = t* and p, = g are mutual best responses
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if and only if:

max{7?(t4, g), 72 (t4, 9, 1)} < max{7%(g, 9), 72 (g, 9,t“)}

max{—7%(t4, g,), =72, (t*, 9,t9)} < max{—7(t*,t7), -7l (¢4, 17 1)}

rcv rcv

Our analysis in the proof of Proposition 4 yields that the first condition is equivalent to

p ¢ (p,p). Since
1—u

(4, g) = min { ca— (1 —a)u— (20 — 1),0}
and

1—
a—(1—@)u—(2a—1)p>a—(1—a)u—(2a—1)g:a—g> 2u’

the second condition is equivalent to

min {3, (2a = 1)(1 = p)},

max{l_—u,(l—p)7+p—u} < max
2 min { (1 — 1) (1 = p),7(1 —p) — L +a+p}

We consider the two restrictions on p separately.
Case1: p < p. In this case, we have (1 —p)y+p—u < a—u < 5% and (1 —p)y > 51 —a) >

1 — a, which implies

l—«o

( 7 —1)(1—p)>7(1—p)—1+a+p.

Using again (1 — p)y+ p — u < a we obtain y(1 — p) — 1 + a + p < 2a — 1. Since, in addition,
p < 0, we also have 2a — 1 < (2a — 1)(1 — p). Putting everything together, the condition

simplifies to 5% < (2a — 1)(1 — p), or a > o1,

Case 2: p > p. This case requires, equivalently, that v(1 — p) < aﬁ and y(1 — p) +p >

1— a}_;gl’T” . Notice that in this case we have

Y1l—=p)—1l+at+p=(1-p) (7—1+1%p> > (1-p) (7—1+v%) > (2a—1)(1—p).
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Since in addition (Z- — 1) (1 — p) > (2a — 1)(1 — p), we obtain

min{(ﬁ—l) (1—p),’y(1—p)—l+a+p} > (20— 1)(1 — p)

and the condition simplifies to

mo {15 1= oo <min{ (2 <1) 0= pha-p) -1+t

Since (1 —p)y+p—u < (1 —p)y+p—1+ q,itis equivalent to

—u>(1—p)7+p—U} < (1 ! —1) (1—p),

1—u
2

<~v1-p)—1+a+p and max{ —

which is equivalent to o > 5. O

Next, define the following thresholds:

rev 1 —u 7(1_p)
o —maX{T+(1—7)(1—p),l—m}

o = (g 00— o2 )}

} rCVH{p>1_g}
,y

Lemma 7. If 0 > “tL, then (pa, py, pc) = (t,t7,1C) is an equilibrium if and only if either

(i) p < pand a < i, or

OCECV — O[ZCV]I {IO < 1

QIQ

(ii) p € (p, p] and o < o, or

(iii) p > pand o < ol

Proof. Lemma 4 verifies that candidate c’s strategy is a best response, so we focus on verify-
ing that p4 = t4 and pp = t? are mutual best responses. This is true if and only if

max{7?(t4, t8), roc (4,18, 1Y)} < maX{T“b(g,tB),Tr‘éf,(g,tB,tC)}

’ I'CV

I'CV
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max{—%,—(Zoz— (1 - p) ac(tA 5, tC } < rnax{—— l—a—oau+ (2a — 1)/),Tr%f,(g,t3,tc)}

? I‘CV

=
max{min {1, (2a — 1)(1 — p) }, =725 (t*,t%,t9)} < max{—7(t*, g,t%), —72% (t*, 9,t)}.

rCV
Using the fact that —7°(t4, g) = 5%, and that 7% (g, -, t%) = —7%(-, g,t¢), and further recog-

nizing that 1 — o — au + (200 — 1)p > —(2a — 1)(1 — p), the conditions become:

Tae (t4,t8,19) <max {—%,1 — o — au+ (20 — 1)p, 75 (9, t5,19)}

I‘CV

mac{min {4, (20— 1)(1 = )}, ~7i% (1,17, 10)} < max {55, 7 (9, ¢%, 1)}

Since 7% (g, -, t%) < 1 — u < 1/2, the conditions further simplify to

Icv

o (t4,45,19) <max {—%,1—a — au+ (2a — 1)p,72¢(g,5,) } .

I'CV

max{(2a — 1)(1 — p), =725, (¢4, ¢5,1%)} < max {15, 75 (g,t5,19) } .

I'CV

(63)

We consider three cases separately.

Case 1: p < p. In this case we have (i) p < 0 and (ii)

rcv( tB tc) > Trcv(tA? '7t0) = 7(1 - p) tp—a> 7(1 - p) tp—u= 7_rcv(g? 7t0)
which implies that we can re-write the equilibrium conditions as follows:

Tae (t4,67,t9) <max {-%1—a—au+ (2o — 1)p}

1'CV

max{(2a — 1)(1 — p), =725 (t4,¢5,19)} < ¢

I'CV

Observing that (2o — 1)(1 — p) < £5* implies

l1—u 1
l—-a—au+R2a—-1)p>l—-a—au+2a—1-— 5 =l2 3 (1—u)>0

56



we cab re-write the equilibrium conditions:

;

a<~(1-p) a

IN

(1= p)

72 (t4, 48 10) < 1— a — au + (20— 1)p 1y E-p-3
) rc ( ) PN ) u—2p (64)

Q
IN

(20 -1)(1-p) <5 a< bty =
| ) < A5 o< J+-901-p -3

We now show that when p < p and (64) is feasible, then o < af* = (64). First a < y(1 — p)
is equivalent to p < 1 — £, which is implied by p < p. Second, p < p & a = p + ~v(1 = p).
Together with a < o}, this implies (1 —7)(1 — p) > 1 — o4°". Hence, we obtain

1 U 1—u 1—u 1
- 1— l—p)— == > ——4+1—-2a"" = 1—-——1] >0

where the last inequality follows from p < 0. Third, using again (1 —7)(1 — p) > 1 — o[, we
obtain that

U 1 1 v u
2 u—2p 2 u—2p
1 1—- 1
=lz—a )1+ — “ —
2 u—2p 2 u—2p
1—u 1—u 1+u—2p
1 —2 1— > 0.
oy tte-2+ 5« 22

This completes the proof for this case.
Case 2: p € (p, p). First, notice that p < p implies that 7 (g,-,t“) < (2 = 1) (1 —p)and p > p

implies that 72 (¢4, py, t) > 0. Hence, when p € (1 — a/v, p), which implies (2 — 1) (1 — p) =

72 (¢4, -,t9), the equilibrium conditions (63) become

et B t9) <1 —a—au+ (2a — 1)p

rcv

max{(2a — 1)(1 — p), —75 (4, 18,10)} < 152,
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Notice that we can write
o
7(1—p)+p—1—|—0¢—(2a—1)(1—p):a—(l—p)(Qa—'y)>0¢—;(2a—’y)o<’y—a>0

which implies (2a — 1)(1 — p) < —72(-,t5,t%). As a consequence the equilibrium conditions

rcv

(63) simplify to (after rearranging the first condition)

IN

1—u
2

(3 +1-2%)(1—p)

min { (7% —1) (1= p),a = (1 =) —-p)} < 5"

Notice that

v 1 ol v v a+20% —1

LA, - —1) x 4a—1— =(2a-1)(1- <0.
22 a (1—a )“2 o= 71 ot =(2a )< 2a(l—a) 2a-1

and

(Q%QH—é) (1—p)+(1—7)(1—p)—a<%<i+2—7—é)—a

202

1
—20=2———-2a<0
2c0 vy 2c0 « 2c0

We then conclude that we need o < af’. When instead p € (p,1 — a/9], the same steps of

Case 1 yield condition a < aj”

Case 3: p > p. In this case, we have 7 (g, -, t“) > (2 — 1) (1 — p) = 725 (¢, -, t“), which implies

that the first component of (63) holds. Moreover, since p > p implies:
-«
L= p) = (1=a) = (Ga= (L= p) =a-(1=p)Ga =) = (1=p) (170~ 2a+7) >0

we also have —7% (-, 15 t9) > (2a — 1)(1 — p). Hence, the second component of (63) becomes

Icv

—7be (-, 5,19) < max {15%, 7% (g, -,t9) }, or a < of". This completes the proof. O
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To complete the characterization, we can define

a p<p
o = | ay’ p€(p,1—a/ (65)
of" p€(l—a/yp
oy’ p>p

We conclude with proposition’s final claim: that max{1/2,a™'} > max{1/2,aP"}. To assist

the reader, we begin by rewriting the relevant quantities:

plu 1_U+2(1—’y)(1—p) 1—u
(0% = Imax ,
1—u+2(1-p) I—u+~(1-p)
1-— 2(1 —
v Lmur2 =)
4(1 = p)
I 1—u+2(1-9)(1-p) 1—u 1—u+2(1=7)(1=p)
l—u+21—-p) "1—u+~y(1-p) 2
rcv 1_u+21_’7>(1_p) 1_U+2(1_’Y>(1_p)
l—u+21—-p) 2
rcv rcv1 U+2(1—’Y>(1—p) 1 2(1—7)(1—,0)—15

We have o > oP!" by inspection. The remainder of the proof proceeds in three steps.

Step 1. &% > aP™. This follows from
l—u+2(1-—p) 1-u+2(1—-7)1-p)
4(1 — p) 1 —u+2(1-p)
o (1 —u) +4y(1 = p)* =8(1 =7)(1 = p)* = (1 —u)* + 4y(1 — p)*(1 = 2(1 = 7)) > 0

and
l—u+2(1-p) 1—u
4(1 = p) l—u+v(1-p)
o< (I—u)+29(1=p)*+ 2+ 7)1 = p)(1 —u) —4(1 —~)(1 - p)

1—u 1—0p 1—u 1—u\""' 3 3
TN B N )
et i 1—p+(1—p) 2 2
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Step 2. max{a4,1/2}> max{a”™,1/2}. Since they share a term in common, to prove this
claim it is sufficient to show that off" < oP™ implies that max{aj§", 1/2 }= max{aP™,1/2}. To

see that, notice that oY < aP'“ requires

1—u+2(1—=7)(1—p) 1—wu <0
1 —u+2(1—p) I—u+~(1-p)
e 1-u)'+(1-u(1-p)(2-7)+21-p(1-7) <@-u+1-u)(l-p)2
1 -2
S2Al=p)(l=9) <T-ueq(l-p) > —
This implies that whenever oV < o™,
1—u 1—u 2—2u 2-2u 2-2;5 1

l—ut+y(l-p) 1—u+#2 3-u—-2p 3-u—-u 3-1 2

where the the last two inequalities follow from p < u/2 and v > 1/2. But this implies that

1 1 1
max {ozplu, 5} =3 < max {ozgc", 5} .

Step 3. When p € (p*°,1 — a/~] and max {a),1/2} > max {o#™ 1/2}. First, from Step 1, we

whenever o < aPlU:

know that o] > aP™. Second, from Step 2 we know that oP™™ > 1 requires

aplu: 1—U+2(1—’}/)(1—p)
2 1—u+2(1—p)

and 1 —u > 2(1 — p)(2y — 1). Finally, we argue that 1 — u > 2(1 — p)(2vy — 1) implies

i { L1200 1 200 p) )
2 2 2(u — 2p)

1wt 20-9)(1-p) 1wt 2(1-9)(1-p)

’ L—ut2(l—p)

where, using p <1 —a/y < (1 — p)y > a the inequality follows from

l—u+2(1—p)>1—p)dy—24+2) > 4a > 2,
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and the first equality, using p > p < (1 —p) < %3, follows from

u—2p<1=-21—-p)(2y—1)—2p=4(1—-7y)(1—-2p) —1<4(l—a)—-1<1.

This completes the proof. 0

Proof of Proposition 6. It is easy to verify that our earlier analysis ensures that a’s and b's

strategies are best responses, given p. = t“. We therefore focus on verifying that ¢ does not
have a profitable deviation from p, = t“ to p. = g. Recall that for I € {A, B} and any (p,, ps),

7L (pa, t9) < 0 and 7L (ps, t°) > 0.

Case 1: a > o/ and and p > p. Fix p, = t* and p, = g. Candidate c wins the election with
p=>p

strategy p. = t° if and only if

V-«
o

mm{u;{u—v—ml—ﬂ}éré (I—=p).

Suppose candidate c instead selects p. = ¢g. Candidate b wins second preferences from group-
A voters for all 7 < 6. This yields that candidate ¢ continues to lose the election when
7 <min {41, u — v — p(1 —7)}. We further claim that there exists 7 < =2(1 — p) such that ¢
loses whenever 7 > 7 after she deviates to p, = g. To verify this claim, recognize that for any
7 > 0, candidate ¢’s total first and second preferences are at most yp(u—p)+ (1 —a)p(u—6—p),
while candidate a’s total first and second preferences are no less than a¢(1 + 7 — p), which

strictly increases with 7. Recalling that
— o
o (1+”T<1—p>—p) — 701 - p)

it is therefore sufficient to show that

ol (1= a)otu—0 - p) < a0 (14221 )

— (l—a)lu—0—p) <y —u).
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This holds for all 8 > u/2 and p > p if

1 —u) > (1-a) (g—ulf‘al;“).

The difference of the LHS and the RHS is linear in u. When u = 1, the inequality trivially
holds. When u = a, we need to verify that y > § — 1 + %, which is true because o < .
B = t%, she wins

Case 2: a < o and p > p. Fix p, = t* and p, = tP. If candidate ¢ chooses p.

whenever

rema{ 1T a sy - 00 ).

(e}

We already showed that if c instead chooses p. = g, then she loses for any 7 > 1-=(1 — p)
when p > p. To rule out a profitable deviation for ¢, it is therefore sufficient to verify that if
¢ chooses p, = g, she loses for all 7 < max {:22(1 — p),1 —a — v — p(1 — ) }. We consider
two possible cases.

Case 2.i Suppose, first, :7°-2(1 — p) > 1 — a — v — p(1 — 7). By a similar argument to Step 1,

when p = (t4,t5 g) a sufficient condition that candidate c loses for all 7 < l_li‘—;”(l — p) is:

Y(u—=p)+a(u—=0-p) <y(1-p).

Since 0 > /2, thisis true if p > § — 1(1 —u); since p > p, thisis trueif p > § — 1(1 —u), i.e., if

1_g><1_u>(%_m_g).

The difference is linear in «, and trivially holds if u = 1. Since u > «, itis sufficient to show that

«Q a 11—«
l1——>——
2 v o

Y. (66)

This constraint eases as 7 increases. Setting v = «, it is sufficient to verify that « < 2. Sup-

pose, to the contrary, « > 2. Since we also have v > «, this implies v > 2. This implies
12
L1 - p) < i

this implies that b wins with probability zero under (

(I1-p)=p—1<%—-1< -1 contradicting v < &*. (Since 7 > —1/2,

t4,t8,t%) and we know she can win with
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positive probability in that case since. We conclude that we must have o < 2 if 1=22(1— p) >

l—a—v—p(1—7)and a < o', which implies that (66) is satisfied, and concludes this case.

Case 2.ii Suppose, instead, 1 —a —v—p(1—7) > 1527(1—p). Recall that in this case o™ = aZ,

-«
so a < a”cvy implies that either (i) (1—u)/2 > y(1—p)+p—1+aor (ii) max{(1—u)/2,y(1—p)+
p—u} > (v/(1—a)—1)(1—p). Hence, weneed 1 —a—~—p(1—) > (u—1)/2. Notice that if the
t4, P

strategy profile is ( . 9), c wins fewer first preferences than candidate « for all 7 such that

aF(1+7)>vF(u) <~ TZp—l—i-l(u—p):%.
a

We claim that 7 < (u — 1)/2. This follows because 7 strictly decreases in p, and thus

(1 —u) (@®(y +2) — ay(2y +3) +297)
2(1 — a)ay

%—(u—l)/Q<ﬁ—1+g(u—ﬁ)—(u—1)/2:—

We now claim that 1 —a—~v—p(1—7) > (u—1)/2 implies that o*(y+2) — ay(2y+3) +27* > 0.
To see this, notice that 1 —a—vy—p(1—7v) > (v —1)/2requires 1 —a—vy—p(1—7v) > (u—1)/2,

which is equivalent to

a 1—u u—1
l—a—~v—(1- 1-— — >0

which is true for u > « only if

1 oy (1-2)oo2lsg e 20
a—7 v - — > 7S

and combining with the requirement a < v, this implies o < 2 and v < 2% That o®(y+2) —

ay(2y + 3) + 29® > 0in the set {(a,7)|a < 3/5y < 2% < 2/3} can be verified numerically.

We further claim that ¢’s combined first and second preferences are strictly less than b’s first

preferences for any 7 < 7. A sufficient condition for this to be true for any 6 > u/2 is that

o?(u+4) — 4o+ 2yu
2(a(Ba—2)+7)

Yo(u —p) + ag(u/2 —p) < (1 —a)p(l =7 —p) <= p>
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It is sufficient, then, to show that
5 ?(u+4) —da + 2vu S0 e 1 ?(u+4)—da+2yu ol —u)

2alBa—2) +7) 2aBa—2+4) (O—ap "

This difference is linear in w: it is satisfied for u = 1, and further holds for © = « if

L@ a(a? +da + 2y — 4)
7 2(aBa-2)+7)

> 0.

Since the LHS strictly decreases in « < 7, it is sufficient to verify that the inequality holds if

a = 7, that is o + 6a < 4, which follows from a < % O
Proof of Propositions 7 and 8. We proceed by cases.

If p > pand o > o', the unique equilibrium under both plurality and RCV is ( ,g,t9).
Under both rules, a wins if and only if 7 > =%(1 — p), b wins if and only if 7 < *=. Asa

consequence, the unique equilibrium under each system induces the same outcome.

If p > pand a € (aP™ ™) the unique equilibrium under plurality is (t*, g,t“), but the
unique equilibrium under RCV is (t4,¢5,t). Since a < o', b’s probability of winning is
strictly higher under RCV and ¢’s probability of winning is strictly lower under RCV, while

a’s probability of winning is the same under both systems.

If p > pand a < oP", the unique equilibrium under both plurality and RCV is (¢4, 7, 19).
Under plurality, a wins if and only if 7 > 2=%(1 — p), and b wins if and only if 7 < 2 (1—p);
otherwise, ¢ wins. Under RCV, @ wins if and only if 7 > %(1 — p), and b wins if and only if
7 < max {1*1?—;7(1 —p)l—a—v—p(l-— 7)} So, b’s probability of winning is weakly higher
under RCV and c¢’s probability of winning is weakly lower under RCV, while a’s probability

of winning is the same under both systems.

If p < pand a > o', plurality’s unique equilibrium outcome is that a wins if 7 > 0, and
b wins if 7 < 0, while RCV’s unique equilibrium is (¢4, g,t%). Under plurality, candidate c
therefore wins with probability zero. Under RCV, a wins if 7 > v — a + p(1 — ~), while b
wins if 7 < “-1. We conclude that a’s probability of winning is strictly higher under RCV, that
b’s probability of winning is strictly lower under RCV, and that ¢’s probability of winning is
strictly higher under RCV.
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If p < pand a € (o™, ™), plurality’s unique equilibrium outcome is that a wins if 7 > 0,
and b wins if 7 < 0, while RCV’s unique equilibrium is (¢4,¢%,¢¢). Under RCV, a wins if
7> max{(1 —2a)(1—-p),y—a+p(l —7v)} <0,and b wins if 7 < min{(1 — 2a)(1 — p),1 —a —
v — p(1 —v)} < 0. We conclude that a’s probability of winning is strictly higher under RCV,
that b’s probability of winning is strictly lower under RCV, and that ¢’s probability of winning
is weakly higher under RCV. O
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